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Président Roel Leus : Professeur, KU Leuven

Membre Michel Aldanondo : Professeur, IMT Mines Albi

Membre Christian Artigues : Directeur de Recherche, LAAS-CNRS Toulouse

Membre Kristiaan Kerstens : Directeur de Recherche, LEM-CNRS Lille

Membre Norbert Trautmann : Professeur, Universität Bern
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Résumé

Le problème de l’ordonnancement d’un projet pour maximiser sa VAN attendue est

également appelé SNPV (ou “ stochastic NPV maximization problem”), et on peut soutenir

que le SNPV est l’un des plus importants problèmes d’ordonnancement de projet. Dans

cette thèse, nous discutons les procédures de pointe pour résoudre le SNPV ainsi que de la

route qui a été prise pour y parvenir. Les articles suivants ont joué un rôle essentiel dans le

développement des procédures de pointe:

• Creemers S., Leus R., & Lambrecht M. (2010). Scheduling Markovian PERT networks

to maximize the net present value. Operations Research Letters, 38(1), pp. 51–56.

• Creemers S., De Reyck B., & Leus R. (2015). Project planning with alternative tech-

nologies in uncertain environments. European Journal of Operational Research, 242(2),

pp. 465–476.

• Creemers S. (2015). Minimizing the expected makespan of a project with stochastic

activity durations under resource constraints. Journal of Scheduling, 18(3), pp. 263–

273.

• Creemers S. (2019). The preemptive stochastic resource-constrained project scheduling

problem. European Journal of Operational Research, 277(1), pp. 238–247.

Les procédures de pointe sont publiées dans:

• Creemers S. (2018). Moments and distribution of the net present value of a serial

project. European Journal of Operational Research, 267(3), pp. 835–848.

• Creemers S. (2018). Maximizing the expected net present value of a project with phase-

type distributed activity durations: an efficient globally optimal solution procedure.

European Journal of Operational Research, 267(1), pp. 16–22.
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Les procédures de pointe susmentionnées sont également abordées dans la présente thèse.

Bien que nous ayons parcouru un long chemin, il reste plusieurs pistes de recherche à

explorer pour l’avenir:

• Pour le SNPV en série (où les activités sont exécutées en série), nous avons obtenu des

résultats exacts, sous forme fermée. Les recherches futures devraient se concentrer sur la

généralisation de ces résultats afin qu’ils puissent également être utilisés pour résoudre

le SNPV général (où les activités ne sont pas nécessairement exécutées en série)

• Pour d’autres problèmes d’ordonnancement (p. ex., le problème d’ordonnancement de

projets à ressources limitées), les règles de dominance ont été utilisées pour améliorer

considérablement le temps de calcul. Nous devrions examiner s’il existe également des

propriétés dominantes pour le SNPV et si elles peuvent être utilisées pour améliorer

l’efficacité des calculs.

• Afin d’améliorer encore l’efficacité des calculs, les procédures de la solution de pointe

peuvent être mises en parallèle (c.-à-d. exécutées sur plusieurs unités centrales en même

temps). Les recherches futures devraient se concentrer sur la meilleure façon de par-

alléliser au mieux les algorithmes de pointe.
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Executive Summary

The problem of scheduling a project to maximize its expect NPV (eNPV) is also referred

to as the SNPV (or stochastic NPV maximization problem), and it can be argued that the

SNPV is among the most important project scheduling problems. In this thesis, we discuss

the current state-of-the-art for solving the SNPV as well as the road that was taken to get

there. The following articles were vital in the development of the state-of-the-art:

• Creemers S., Leus R., & Lambrecht M. (2010). Scheduling Markovian PERT networks

to maximize the net present value. Operations Research Letters, 38(1), pp. 51–56.

• Creemers S., De Reyck B., & Leus R. (2015). Project planning with alternative tech-

nologies in uncertain environments. European Journal of Operational Research, 242(2),

pp. 465–476.

• Creemers S. (2015). Minimizing the expected makespan of a project with stochastic

activity durations under resource constraints. Journal of Scheduling, 18(3), pp. 263–

273.

• Creemers S. (2019). The preemptive stochastic resource-constrained project scheduling

problem. European Journal of Operational Research, 277(1), pp. 238–247.

The current state-of-the-art procedures are published in:

• Creemers S. (2018). Moments and distribution of the net present value of a serial

project. European Journal of Operational Research, 267(3), pp. 835–848.

• Creemers S. (2018). Maximizing the expected net present value of a project with phase-

type distributed activity durations: an efficient globally optimal solution procedure.

European Journal of Operational Research, 267(1), pp. 16–22.

The above state-of-the-art procedures are also discussed in this thesis.
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Even though we have come a long way, there are several avenues for future research that

are left to be explored:

• For the serial SNPV (where activities are executed in series), we have obtained exact,

closed-form results. Future research should focus on generalizing these results such that

they can also be used to solve the general SNPV (where activities are not necessarily

executed in series).

• For other scheduling problems (e.g., the resource-constrained project scheduling prob-

lem), dominance rules have been used to drastically improve computational efficiency.

We should investigate whether dominance properties also exist for the SNPV, and if

they can be used to improve computational efficiency.

• To further improve computational efficiency, the state-of-the-art solution procedures

can be parallelized (i.e., run on multiple CPUs at the same time). Future research

should focus on how to best parallelize the state-of-the-art algorithms.
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and Prof. Dr. Michel Aldanondo. Élise and Michel are not only excellent researchers, they

are also very open and warm people. I am very glad that they agreed to join (and in the case

of Michel: preside) my HDR jury. A big thanks to both of you.

I’m also very proud to count Prof. Dr. Norbert Trautmann and Dr. Christian Artigues

among the members of my HDR jury. Both are extremely gifted researchers, and I would like

to thank them for accepting my invitation.

The administrative process of writing this thesis was not always easy, however, I could

always count on the help of Prof. Dr. Jean-Philippe Boussemart and Prof. Dr. Hervé Leleu.
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Chapter 1

Introduction

Project management is not new. It has been used for thousands of years, and has resulted in

project outcomes such as: the pyramids of Giza, the great wall of China, the polio vaccine,

humans landing on the moon, commercial software applications, . . . . The importance of

project management can hardly be overemphasized: it is estimated that one-fifth of the

world’s GDP is spent on projects each year (PMI, 2017). Within project management, project

scheduling is recognized as a key process that determines when to start project activities in

order to achieve the project’s objectives. In the vast literature on project scheduling, most

researchers have focussed on minimizing the makespan of a project, that is, the time until

completion of all activities. The financial aspects of a project are often overlooked. In most

capital-intensive industries, however, the value of a project is much more important than its

completion time. Traditionally, the value of a project is expressed using its net present value

(NPV). The NPV of a project is obtained by discounting all cash flows incurred during the

project lifetime. The most common goal of a scheduling procedure then is to schedule the

project activities such that the NPV of a project is maximized.

The idea of maximizing the NPV of a project was first introduced by Russell (1970) , who

describes a nonlinear model where all parameters are deterministic. A few year later, Grinold

(1972) showed that the nonlinear model of Russell can be transformed into an equivalent
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linear model that can be solved using a network simplex algorithm. In 2000, Neumann and

Zimmermann extend Grinold’s model to solve problems with generalized precedence relation-

ships. The deterministic NPV maximization problem has also been studied by Elmaghraby

and Herroelen (1990) and Schwindt and Zimmermann (2001), who develop efficient solu-

tion procedures. Heuristic procedures are available from Baroum and Patterson (1996) and

Pinder and Marucheck (1996). Several extensions have been considered that allow for re-

source constraints, time-dependent cash flows, and multiple execution modes. For a review of

the literature on the deterministic NPV maximization problem and its extensions, we refer

the reader to Herroelen et al. (1997), Demeulemeester and Herroelen (2002), Hartmann and

Briskorn (2010), Gu et al. (2015), and Wiesemann and Kuhn (2015).

In a recent survey, Wiesemann and Kuhn (2015) not only highlight the importance of NPV

over project completion time, but also stress the importance of stochastic project scheduling.

In stochastic project scheduling, the cash flows and/or the activity durations are random

variables, and hence, the project NPV itself is also a random variable. The stochastic NPV

maximization problem (SNPV) takes this uncertainty into account, and tries to maximize

the expected NPV (eNPV) of a project.

If activity durations are exponentially distributed, Buss and Rosenblatt (1997) were the

first to maximize the eNPV of a project while observing the impact of activity delay. The

SNPV with exponentially-distributed activity durations itself, however, was only formally

defined in 2009 by Sobel et al., (2009). Their work was continued by Creemers et al. (2010),

who propose a memory-efficient procedure to solve the SNPV. The procedure of Creemers et

al. (2010) has, among others, been used by Gutin et al. (2015) to study interdiction games,

and has also been adapted for solving the stochastic resource-constrained project scheduling

problem (SRCPSP) by Creemers (2015b). Sobel et al. (2009) and Creemers (2015b) both

discuss the possibility to use phase type (PH) distributions to model activity durations. The

impact of PH distributions and activity duration variability are explored in Creemers et al.

(2015a), who maximize the eNPV of modular projects under the assumption that activities

2



can fail.

Instead of using exponential distributions, Tavares et al. (1998) adopt lognormal activity

durations and normally distributed cash flows to solve generic project scheduling problems.

Discrete duration and cash flow distributions are used by Benati (2006), who presents a two-

stage heuristic to solve the SNPV. Wiesemann et al. (2010) also use discrete distributions,

and develop an exact branch-and-bound procedure. Resources and multiple execution modes

have been considered in Özdamar and Dündar (1997) and Chen and Zhang (2012). Ke and

Liu (2005) consider three stochastic models that allow to minimize: (1) the expected cost, (2)

the cost while imposing chance constraints, and (3) the probability to overrun the budget.

As an alternative to probability distributions, fuzzy numbers are often used to repre-

sent activity durations and/or cash flows. The fuzzy NPV maximization problem has been

introduced by Uçal and Kuchta (2011), who assume fuzzy cash flows and deterministic ac-

tivity durations. Shavandi et al. (2012), on the other hand, assume fuzzy activity durations

and deterministic cash flows. Ke and Liu (2007, 2010) extend their work of 2005 to also

accommodate fuzzy activity durations.

In general, it is considered to be impossible to efficiently determine the NPV distribution

of a project (Wiesemann and Kuhn 2015). In fact, for the completion time of a project,

Hagström (1988) has shown that it is #P -complete to determine even a single point of the

Cumulative Distribution Function (CDF). Even for serial projects, Kamburowski (1986) has

shown that the result of Hagström holds. Even though the SNPV is an NP -hard problem,

Creemers (2018b) has shown that the optimal sequence of activities can be found in poly-

nomial time if activities are executed in series. In fact, for serial projects, Creemers (2018b)

has developed exact, closed-form expressions to obtain, not only the eNPV of a project, but

also higher moments of the NPV. In addition, Creemers (2018b) also introduces an accurate

approximation of the distribution of the NPV of a serial project using a three-parameter

lognormal distribution.

In what follows, we discuss the current state-of-the-art procedures to solve the SNPV.

3



First, Chapter 2 deals with serial projects where activities have general duration distributions.

Next, we consider general projects in Chapter 3. Chapter 4 discusses our contribution to this

field of research, and presents a number of future research directions.
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Chapter 2

Serial projects

In this chapter, we consider projects where activities are executed in series. If activities are

executed in series, they are also referred to as “stages”. Each stage of the project has a

random duration with general distribution function. At the start of a stage, a deterministic

cash flow (positive or negative) may be incurred, and a deterministic payoff is obtained upon

completion of the project. Continuous compounding is used to determine the Net Present

Value (NPV) of the project (i.e., the sum of the discounted cash flows that are incurred

during the project lifetime; the convolution of the NPV distributions of the individual cash

flows). We develop exact, closed-form expressions to obtain the moments of the project NPV

distribution. In addition, we provide a highly accurate approximation of the NPV distribution

itself. The approximation uses a three-parameter lognormal distribution to match the first

three moments of the NPV distribution. A lognormal distribution was chosen because: (1)

the moment-matching procedure uses closed-form expressions, and (2) we show that the NPV

of a cash flow converges to a (reflected) lognormal distribution if the cash flow is not incurred

during the early stages of the project. We also show that, if a sufficient number of cash flows

are incurred, the project NPV converges to a normal distribution. In addition, we show that

the sequence of stages that maximizes the expected NPV (eNPV) over all possible sequences

can be found efficiently, and that the problem of finding this optimal sequence is equivalent
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to the Least Cost Fault Detection Problem (LCFDP). Lastly, if stages are not executed in

sequence, we demonstrate that our approach can still be used to approximate the moments

and the distribution of the project NPV. We use examples to illustrate our results, and to

show that our approach can easily be implemented.

Our work has direct applications in the fields of project selection, project portfolio man-

agement, and project valuation. In these fields, the detailed scheduling of activities is often

not considered, and it is assumed that: (1) a project is a sequence of stages with cash flows

that are incurred at the start of a stage, and (2) a (uncertain) payoff is obtained upon com-

pletion of the project. Such projects are not only prevalent in the real world, but also in

the literature. For instance, Huchzermeier and Loch (2001) consider an R&D project that is

divided in sequential stages, and develop a dynamic program to determine the expected value

of the project. Santiago and Vakili (2005) build on the work of Huchzermeier and Loch, and

also consider an R&D project with sequential stages. De Reyck and Leus (2008) discuss the

literature on R&D project scheduling, and conclude that most of the literature is limited to

sequential R&D stages only. Girotra et al. (2007) determine the eNPV of a drug development

project where stages have been defined by a regulator. They also mention that a stage-gate

development process is prevalent in most industries. Chao et al. (2014) also investigate the

use of a state-gate processes to manage NPD projects. They argue that decisions based on

eNPV alone are dangerous, and that risk should be taken into account when making project

selection/investment decisions. Often, the risk of a project is modeled using the variance of

the NPV (Van Horne, 1966). Other measures of risk are the skewness and/or kurtosis of the

NPV, and the probability to have a negative NPV. Until now, however, Monte Carlo simula-

tion was the only technique available to obtain higher moments and/or the NPV distribution

itself. In this chapter, we develop a closed-form characterization of the NPV distribution of a

project that is a valid alternative to Monte Carlo simulation, and that can be directly applied

to evaluate project selection/investment decisions.

On the tactical/strategical level, projects are often seen as a sequence of stages. Opera-

6



tional factors, however, may also result in the serial execution of a project. For instance, a

bottleneck resource may force activities to be executed in series. A bottleneck resource has

been considered, among others, by Kaviadias and Loch (2003), who study NPD projects that

compete for a scarce resource, and that are divided into stages. In addition, some industries

are more likely to have a serial project execution due to an abundance of technical precedence

relationships (e.g., the construction industry).

In the (more operational) field of project scheduling, our work is related to CPM/PERT

in the sense that we also focus on a single sequence of stages, and that we also use normal

(lognormal) approximations. The study of CPM/PERT dates back to the work of Kelley

and Walker (1959) and Malcolmn et al. (1959), and still continues today (refer to Demeule-

meester and Herroelen (2002) and Trietsch and Baker (2012) for an overview of the literature).

Whereas CPM/PERT deals with the project completion time, we focus on the NPV. In a

recent survey, Wiesemann and Kuhn (2015) not only highlight the importance of NPV over

project completion time, but also stress the importance of stochastic project scheduling. In

stochastic project scheduling, stage durations and/or cash flows are random variables, and as

a result the project NPV is a random variable as well. Although most of the literature deals

with minimizing the expected completion time of a project (Herroelen, 2005; Ballest́ın and

Leus, 2009), some research has already been devoted to maximizing the eNPV of a project

(see e.g., Vanhoucke et al., 2001; Szmerekovsky, 2005; Sobel et al., 2009; Creemers et al., 2010;

Creemers, 2018). Higher moments of the NPV distribution, and/or the NPV distribution of

a project itself, have never been studied before. In general, it is considered to be impossible

to efficiently determine the NPV distribution of a project (Wiesemann and Kuhn, 2015). In

fact, for the completion time of a project, Hagström (1988) has shown that it is #P -complete

to determine even a single point of the Cumulative Distribution Function (CDF). Even for

serial projects, Kamburowski (1986) has shown that the result of Hagström holds.

The remainder of this chapter is structured as follows. Section 2.1 develops exact, closed-

form expressions for the moments and the distribution of the NPV of a cash flow that is
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obtained after a single stage. Multiple stages are considered in Section 2.2. In Section 2.2, we

also show that the NPV of a single cash flow converges to a (reflected) lognormal distribution

if the cash flow is not incurred during the early stages of the project. Section 2.3 introduces the

lognormal approximation that can be used to model the NPV distributions of both individual

cash flows as well as projects. In Section 2.4, we develop exact, closed-form expressions for

the moments of the NPV distribution of a multi-stage project with intermediate cash flows.

In addition, we also show that the NPV of a project converges to a normal distribution,

and assess the accuracy of the lognormal and normal approximations of the project NPV

distribution. In Section 2.5, we show that: (1) the problem of finding the optimal sequence

of stages is equivalent to the LCFDP, (2) if stages are not precedence related, a well-known

result from the literature on the LCFDP can be used to obtain the optimal sequence in

polynomial time, and (3) efficient methods exist to obtain the optimal sequence of stages if

they are precedence related. Section 2.6 illustrates how our results can be used to approximate

the moments and the distribution of the NPV of a general project where stages are scheduled

using a scheduling policy. Section 2.7 discusses a number of model extensions, and Section 2.8

concludes and provides directions for future research.

2.1 NPV of a cash flow obtained after a single stage

In this section, we investigate the basic case where a cash flow c is incurred after a single

stage. Under continuous compounding, the NPV of a cash flow c is given by:

v = ce−rt, (2.1)

where r is the discount rate, and t is the time at which cash flow c is incurred. If t is a

realization of T , and if T is a random variable with probability function f(t), the eNPV of

8



cash flow c is given by:

µ =
∞∫
0

f(t)ce−rtdt.

Lemma 1. Consider a cash flow c that is incurred at time T , where T is a random variable

with probability function f(t). Given a discount rate r, the eNPV of c is given by:

µ = cMT (−r),

where MT (u) is the Moment Generating Function (MGF) of T .

For notational convenience, let φ(r) ≡MT (−r) such that:

µ = cMT (−r) = cφ(r). (2.2)

φ(r) can be interpreted as the eNPV of a cash flow c = 1 that is obtained at time T if discount

rate r applies. For most distributions, the MGF (and hence φ(r)) is readily available. There

are some distributions, however, for which the MGF does not have a closed-form expression

(e.g., the Weibull distribution), or for which the MGF is undefined (e.g., the lognormal

distribution). For those distributions, φ(r) has to be approximated. In addition, note that

φ(r) is not always defined for all values of r. For instance, if T is exponentially distributed,

its MGF is given by MT (u) = λ(λ−u)−1. Hence, if r = −λ, the MGF about −r is undefined,

and µ cannot be determined. In practice, however, this is rarely an issue.

We use an example to illustrate Lemma 1. Consider a cash flow c = 1, 000 that is incurred

at time T , where T follows a gamma distribution with shape parameter k = 5 and scale

parameter τ = 1. The MGF of the gamma distribution is MT (u) = (1− τu)−k. As a result,

φ(r) = (1 + τr)−k, and the eNPV of cash flow c is µ = cφ(r) = 620.92 for discount rate

r = 0.1.

Theorem 1. Consider a cash flow c that is incurred at time T , where T is a random variable

9



with probability function f(t). Given a discount rate r, the mean, variance, skewness, and

kurtosis of the NPV of c are given by:

µ = cφ(r),

σ2 = c2(φ(2r)− φ2(r)), (2.3)

γ = c3
(
φ(3r)− 3φ(2r)φ(r) + 2φ3(r)

)
σ−3,

θ =
(
φ(4r)− 4φ(3r)φ(r) + 6φ(2r)φ2(r)− 3φ4(r)

) (
φ(2r)− φ2(r)

)−2
.

If we revisit the previous example, the moments of the NPV distribution of cash flow c

are: µ = 620.92, σ2 = 16, 334, γ = −0.2347, and θ = 2.7064 for discount rate r = 0.1.

Theorem 2. Consider a cash flow c that is incurred at time T , where T is a random variable

with probability function f(t). Given a discount rate r, the CDF and Probability Density

Function (PDF) of the NPV of cash flow c are given by:

G(v) = 1− F
(

ln
(
c

v

)
r−1

)
,

g(v) =
f
(
ln
(
c
v

)
r−1

)
|r|v

,

where F (t) is the CDF of T . Note that: (1) if r > 0, then v has range 0 ¬ v < c, (2) if r = 0,

then v = c, and (3) if r < 0, then v has range c < v ¬ ∞.

We illustrate Theorem 2 by means of an example. In the example, a cash flow c is incurred

at time T , where T follows an exponential distribution with rate parameter λ. For a given

discount rate r, the CDF of the NPV of cash flow c is:

G(v) =
(
c

v

)−λr−1
.

Similar results can be obtained for other probability functions.

10



2.2 NPV of a cash flow obtained after multiple stages

In this section, we consider the NPV of a cash flow that is incurred after multiple stages.

Below, we use payoff p to demonstrate our results (as payoff p is obtained at the end of the

project; after all stages have been completed). Note, however, that the results in this section

hold for any cash flow that is incurred during the lifetime of the project.

Lemma 2. Consider a project with multiple stages w : w ∈ N = {1, 2, . . . , n} that are

executed in sequence. Each stage w : w ∈ N has duration distribution fw(t) and corresponding

factor φw(r) that is obtained using Eq. (2.2). If the durations of the individual stages are

independent, the duration of the project itself has factor:

φ1,n(r) =
∏
w∈N

φw(r).

We can combine Theorem 1 with Lemma 2 to determine the moments of the NPV of a

cash flow that is incurred after multiple stages. For instance, consider the NPV of a payoff

p that is obtained upon completion of a project with three stages. The stages have factors

φ1(r), φ2(r), and φ3(r), respectively. The mean and variance of the NPV of payoff p are given

by:

µ = pφ1(r)φ2(r)φ3(r) = pφ1,3(r),

σ2 = p2(φ1(2r)φ2(2r)φ3(2r)− φ2
1(r)φ2

2(r)φ2
3(r)) = p2(φ1,3(2r)− φ2

1,3(r)).

The skewness, kurtosis, and higher-order moments are obtained in the same way.

Lemma 3. Consider a project with multiple stages w : w ∈ N = {1, 2, . . . , n} that are

executed in sequence. Each stage w : w ∈ N has a duration distribution fw(t) with mean

dw and variance s2
w. If the durations of the individual stages are independent, the mean and

11



variance of the project duration are given by:

dN =
∑
w∈N

dw,

s2
N =

∑
w∈N

s2
w.

If n is sufficiently large, and if no stage dominates the others, the duration of the project will

converge to a normal distribution with mean dN and standard deviation sN.

Lemma 3 is a well-known result in the literature (Malcolm et al., 1959; Van Slyke, 1963;

Moder and Phillips, 1970), and allows to predict the completion time of a project. We will use

Lemma 3 to show that the NPV of a payoff p converges to a (reflected) lognormal distribution

if n is sufficiently large.

Theorem 3. Consider a project with multiple stages w : w ∈ N = {1, 2, . . . , n} that are

executed in sequence. If the durations of the individual stages are independent, and if n is

sufficiently large, the NPV of payoff p converges to a (reflected) lognormal distribution g(v)

with location parameter α = ln(p)− rdN and scale parameter β = rsN.

In order to illustrate Theorem 3, consider a project with n stages that are executed in

sequence, and that have i.i.d. exponential durations with rate parameter λ (i.e., the project

duration follows an Erlang distribution with parameters n and λ). A payoff p is obtained

upon completion of the project. After applying Theorem 2, we obtain the PDF of the NPV

of payoff p:

g(v) =
λ
(
p
v

)−λr−1 (
ln
(
p
v

)
λr−1

)n−1

|r|v(n− 1)!
.

The approximate lognormal distribution has location parameter α = ln(p) − rnλ−1 and

scale parameter β = r
√
nλ−1, and is denoted by LN. Given a payoff p = 1, 000, and a rate

parameter λ = 1, Fig. 2.1 shows the exact and the approximate PDF of the distribution

of the NPV of payoff p for various values of n. The discount rate r is set equal to 0.5n−1.

12



Exact NPV distribution
n 1 5 10 25 50 100
µ 666.67 620.92 613.91 609.53 608.04 607.29
σ2 55,556 16,334 8,654 3,589 1,817 914
γ -0.566 -0.235 -0.163 -0.101 -0.071 -0.050
θ 2.4000 2.7060 2.8300 2.9252 2.9613 2.9803

LN approximation
n 1 5 10 25 50 100
µLN 687.29 621.89 614.16 609.57 608.05 607.29
σ2
LN 134,164 19,829 9,549 3,734 1,853 923
γLN 1.7500 0.6909 0.4814 0.3018 0.2128 0.1502
θLN 8.8980 3.8606 3.4148 3.1623 3.0806 3.0401
K–S 0.1587 0.0596 0.0421 0.0266 0.0188 0.0133

Table 2.1: Accuracy of the LN approximation for various number of stages

Table 2.1 reports the mean, variance, skewness, kurtosis, and Kolmogorov–Smirnov (K–S)

test statistic (i.e., the maximum absolute difference in cumulative probability; the maximum

absolute difference between G(v) and the CDF of LN). We observe that, if n is small, Lemma 3

(and hence Theorem 3) does not hold, and the approximation performs poorly. If, on the other

hand, n is large, the approximation is fairly accurate, and the NPV of a payoff p may be

approximated by a lognormal distribution.

2.3 A lognormal approximation of the NPV distribu-

tion

Theorem 3 only holds for cash flows that are incurred after a sufficient number of stages.

Hence, the NPV of a cash flow does not always follow a lognormal distribution. Often, it is

impossible to characterize the exact NPV distribution of a cash flow, however, we can use

Theorem 1 to obtain its moments. A moment-matching procedure can then be used to define

a distribution that approximates the true NPV distribution.

Moment-matching procedures can be evaluated along three lines: (1) the number of mo-
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Figure 2.1: PDF of the exact NPV and the LN approximation for various number of stages
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ments matched, (2) the computational efficiency, and (3) the generality of the solution. Ide-

ally, a moment-matching procedure uses closed-form expressions to match as many moments

as possible under general conditions. Most of the literature on moment matching has focussed

on the use of phase-type (PH) distributions (Osogami, 2005). Using PH distributions, up to

three moments can be matched using closed-form expressions (Osogami and Harchol-Balter,

2006). In this chapter, we do not adopt PH distributions, however, we use a lognormal approx-

imation of the NPV distribution of a cash flow c. Not only does the lognormal distribution

allow us to develop closed-form expressions to match up to three moments of any real-valued

distribution with non-zero skew, it is also a logical choice as the NPV distribution of a cash

flow c converges to a (reflected) lognormal distribution if it is incurred after a sufficient

number of stages (see also Theorem 3).

In what follows, we define two moment-matching procedures. In a first procedure, we

match the first two moments of the NPV distribution. A second procedure matches the first

three moments. We use L2 and L3 to denote both approximations, respectively.

Proposition 1. We can approximate the NPV distribution by matching its first two moments

using a (reflected) lognormal distribution with scale and location parameters:

β =
√

ln (1 + η2),

α = ln(µ)− 0.5β2,

where µ and η = σ2µ−2 are the mean and Squared Coefficient of Variation (SCV) of the NPV

distribution, respectively.

In order to match three moments, we use a three-parameter (or bounded) lognormal

distribution (Aitchison and Brown, 1957) with location, shape, and threshold parameters α,

β, and κ, respectively. The threshold parameter can be used to bound the support of the

distribution, and can either serve as a lower or as an upper bound (for matching distributions

with positive/negative skew, respectively). The mean, variance, skewness, kurtosis, PDF, and
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CDF of the three-parameter lognormal distribution are given by:

µL3 = κ+ δeα+0.5β2 , (2.4)

σ2
L3 =

(
eβ
2 − 1

)
e2α+β2 , (2.5)

γL3 = δ
(
2 + eβ

2
)√

eβ2 − 1, (2.6)

θL3 = e2β2
(
3 + eβ

2
(
2 + eβ

2
))
− 3,

gL3(v) =
1

δ(v − κ)β
√

2π
e

(
(ln(δ(v−κ))−α)2

2β2

)
,

GL3(v) =
1
2
− δ

2
Erf

(
α− ln (δ(v − κ))

β
√

2

)
,

where δ = −1 if the distribution has negative skew, and δ = 1 otherwise.

Proposition 2. We can approximate the NPV distribution by matching its first three mo-

ments using a bounded lognormal distribution with parameters:

β=

√√√√√√ln

 21/3(
2+γ2+

√
4γ2 + γ4

)1/3+

(
2+γ2+

√
4γ2 + γ4

)1/3
21/3

−1

,
α=0.5

(
ln
(

σ2

eβ2 − 1

)
− β2

)
,

κ=µ− δeα+0.5β2 ,

where µ, σ2, and γ are the mean, variance, and skewness of the NPV distribution.

In order to illustrate the accuracy of the lognormal approximations, we revisit the last

example of Section 2.2. Fig. 2.2 shows the exact and the approximate PDF of the NPV

distribution for various values of n. Table 2.2 reports the mean, variance, skewness, kurtosis,

and Kolmogorov–Smirnov test statistic. We observe that the L3 approximation is almost

always very accurate, whereas the L2 approximation has more or less the same accuracy as

the LN approximation. This latter observation is no surprise. If n is small, neither Lemma 3

nor Theorem 3 hold, and the approximations fail to achieve a good accuracy. In addition, the
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L2 approximation
n 1 5 10 25 50 100
µL2 666.67 620.92 613.91 609.53 608.04 607.29
σ2
L2 55,556 16,334 8,654 3,589 1,817 914
γL2 1.1049 0.6262 0.4581 0.2958 0.2106 0.1495
θL2 5.2463 3.7053 3.3754 3.1560 3.0790 3.0397
K–S 0.1357 0.0597 0.0421 0.0266 0.0188 0.0133

L3 approximation
n 1 5 10 25 50 100
µL3 666.67 620.92 613.91 609.53 608.04 607.29
σ2
L3 55,556 16,334 8,654 3,589 1,817 914
γL3 -0.566 -0.235 -0.163 -0.101 -0.071 -0.050
θL3 3.5743 3.0981 3.0470 3.0182 3.0090 3.0045
K–S 0.0590 0.0118 0.0059 0.0023 0.0011 0.0006

Table 2.2: Accuracy of the L2 and L3 approximations for various number of stages

L2 and LN approximations only take into account the first two moments. As a result, they

are always dominated by the L3 approximation.

2.4 NPV of a project with multiple stages and inter-

mediate cash flows

In this section, we consider a project with multiple stages w : w ∈ N = {1, 2, . . . , n},

and assume that a cash flow cw is incurred at the start of stage w. A payoff p is ob-

tained upon completion of the project. For notational convenience, we let cn+1 ≡ p. Let

c = {c1, c2, . . . , cn, cn+1} denote the set of cash flows that are incurred during the lifetime of

the project. In addition, define Vw, the random variable that represents the NPV of cash flow

cw, and let Vc =
∑n+1
w=1 Vw denote the random variable that captures the NPV of the project.

Because the NPV of a cash flow cx depends on the NPV of an earlier cash flow cw, Vx depends

on Vw for all x,w : 1 ¬ w < x ¬ n + 1. Hence, Vc is the sum of a number of dependent

random variables whose distribution converges to a (reflected) lognormal distribution if their

associated cash flow is not incurred during the early stages of the project.
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Determining the distribution of Vc is closely related to finding the distribution of the log-

normal sum (i.e., the sum of a number of random variables that follow a lognormal distribu-

tion). Even though the lognormal sum has received considerable attention in the literature,

few exact results are available (Yan et al., 2016). In what follows, we first develop exact,

closed-form expressions for the moments of the distribution of Vc. We then use the lognormal

approximation developed in Section 2.3 to approximate the NPV distribution and illustrate

its accuracy by means of an example. Next, we show that Vc is normally distributed if the

number of cash flows is sufficiently large, and propose a new approximation based on the

normal distribution. Again, we illustrate the accuracy of this approximation by means of an

example.

Theorem 4. Consider a project with multiple stages w : w ∈ N, and let c = {c1, c2, . . . , cn, cn+1}

denote the set of cash flows that are incurred at the start of each stage (where cn+1 ≡ p is the

payoff that is obtained upon project completion). In addition, Vw denotes the random variable

that represents the NPV of cash flow cw, and Vc =
∑n+1
w=1 Vw is the random variable that

captures the NPV of the project. The moments of the distribution of Vc are:

µc =
n+1∑
w=1

µw,

σ2
c = eΣce,

γc = (eΓce)σ−3
c ,

θc = (eΘce)σ−4
c ,

where e is a vector of ones, and Σc, Γc, and Θc are the central covariance, coskewness, and

cokurtosis matrices, respectively. Σc, Γc, and Θc capture the covariance, coskewness, and

cokurtosis of the NPV of the cash flows in c. Table 2.3 provides a summary of the closed-

form expressions that allow to calculate the entries of these cross-moment matrices.

In order to illustrate Theorem 4, we use an example project with 3 stages. In the example,

cash outflows are incurred at the start of the project, and at the start of the third stage. Cash
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Mean µ
µw = cwa1

Covariance matrix Σc
Σc(w,w) = σ2

w = c2
w(a2 − a2)

Σc(w, x) = cwcxb1 (a2 − a2) = c−1
w cxb1Σc(w,w)

Central coskewness matrix Γc
Γc(w,w,w) = γwσ

3
w = c3

w (a3 − 3a2a1 + 2a3)
Γc(w,w, x) = c−1

w cxb1Γc(w,w,w)
Γc(w, x, x) = cwc

2
x (a3b2 − a2a1 (2b2 + b2) + 2a3b2)

Γc(w, x, y) = c−1
x cyh1Γc(w, x, x)

Central cokurtosis matrix Θc
Θc(w,w,w,w)= θwσ

4
w = c4

w (a4−4a3a1 + 6a2a
2−3a4)

Θc(w,w,w,x) = c−1
w cxb1Θc(w,w,w,w)

Θc(w,w,x,x) = c2
wc

2
x (a4b2−2a3a1 (b2+b2)+a2a

2 (b2+5b2)−3a4b2)
Θc(w,x,x,x) = cwc

3
x (a4b3−a3a1 (b3+3b2b1)+3a2a

2 (b2b1+b3)−3a4b3)
Θc(w,w,x,y) = c−1

x cyh1Θc(w,w,x,x)
Θc(w,x,x,y) = c−1

x cyh1Θc(w,x,x,x)
Θc(w,x,y,y) = cwcxc

2
y ((a4−a3a1) b3h2−(h2+2h2) ((a3a1−a2a

2) b2b1)+(a2a
2−a4) 3b3h2)

Θc(w,x,y,z) = c−1
y czo1(r)Θc(w,x,y,y)

ai = φ1,w−1(ir) bi = φw,x−1(ir) hi = φx,y−1(ir) oi = φy,z−1(ir)
ai = φi1,w−1(r) bi = φiw,x−1(r) hi = φix,y−1(r)

Table 2.3: Summary of closed-form expressions that allow to calculate the moments of the
NPV distribution of a project
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w cw fw(t) kw τw dw s2
w

1 -300 gamma 1.5 1.0 1.5 1.5
2 250 gamma 2.5 1.0 2.5 2.5
3 -750 gamma 0.5 1.0 0.5 0.5

p 1000
r 0.05

Table 2.4: Data of the example project with three stages

inflows, on the other hand, are received at the start of the second stage, and upon completion

of the project. Each stage w has a duration that follows a gamma distribution with shape

and scale parameters kw and τw, respectively. The gamma distribution was chosen because it

is a general distribution (e.g., the exponential, Erlang, and chi-squared distributions are all

special cases of the gamma distribution) that has many practical applications. We assume

a discount rate r = 0.05. The data of the example project are summarized in Table 2.4.

Fig. 2.3 shows the L2 and L3 approximations, as well as the simulated PDF of the project

NPV (note that we have to resort to simulation as it is no longer an easy task to determine

the exact NPV distribution). It is clear that, in this example, the L2 approximation performs

very poorly. The L3 approximation, however, is once more very accurate. Table 2.5 reports

on the moments of the NPV distribution, the probability to have a negative project NPV,

and the Kolmogorov–Smirnov test statistic. The exact moments have been obtained using

Theorem 4. We observe that the simulation (with 1 billion replications) almost perfectly

matches the exact moments, which supports the claim that the simulated PDF is close to

the true PDF of the project NPV. As was also shown by Fig. 2.3, the L3 approximation

yields excellent accuracy. If, however, cross moments are ignored (i.e., if we assume that the

NPVs of the cash flows are independent), the accuracy is abysmal. This is also reflected in

the probability to have a negative project NPV. Only the L3 approximation is able to provide

an accurate estimate.

Theorem 5. Consider a project with multiple stages w : w ∈ N = {1, 2, . . . , n} that are
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Figure 2.3: PDF of the simulated NPV, and the L2 and L3 approximations for a project with
intermediate cash flows

Exact Simulation L2 L3
L3 without

cross moments
µ 168.21 168.21 168.21 168.21 168.21
σ2 1,533 1,533 1,533 1,533 10,276
γ -1.035 -1.035 0.1006 -1.035 -2.620
θ 4.7421 4.7420 3.0180 4.9631 17.269

G(0) NA 0.0105 0.0008 0.0105 0.1018
K–S NA NA 0.0734 0.0055 0.1018

Table 2.5: Accuracy of the L2 and L3 approximations of the NPV distribution of a project
with intermediate cash flows
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executed in sequence. At the start of each stage w : w ∈ N, a cash flow cw is incurred, and a

payoff p ≡ cn+1 is obtained upon completion of the project. Let Vw denote the random variable

that represents the NPV of cash flow cw, and let Vc =
∑n+1
w=1 Vw denote the random variable

that captures the NPV of the project. If r > 0, and if s2
w > 0 for all w ∈ N, the project NPV

converges to a normal distribution, with mean µc and variance σ2
c, as the number of stages

increases.

Note that Theorem 5 also applies in a more general context where stages are not neces-

sarily executed in sequence. In fact, Theorem 5 holds as long as a sufficient number of cash

flows are incurred during the lifetime of a project.

We use an example to illustrate Theorem 5. The example project has n stages with

gamma-distributed durations with shape and scale parameters ki and τi, respectively. Cash

outflows are incurred at the start of odd stages. Cash inflows, on the other hand, are obtained

at the start of even stages, and upon completion of the project. The discount rate r equals

0.1n−1. Table 2.6 summarizes the data of the example project. Fig. 2.4 shows the simulated

and the approximate PDF of the distribution of the project NPV. Next to the lognormal L3

approximation, we now also include a normal approximation that has mean µc and variance

σ2
c, and that is denoted by N . We observe that, as n increases, the project NPV converges

to a normal distribution, and the accuracy of the N approximation improves. Even so, the

L3 approximation still performs better due to the extra moment matched. These findings

are confirmed by Table 2.7 that reports on the moments of the NPV distribution, and on

the Kolmogorov–Smirnov test statistic. For reference, we have also included the CPU time

required to run the simulation (with 1 billion replications) and to calculate the moments

using the closed-form expressions provided in Table 2.3. Both the simulation as well as the

exact approach were implemented in Visual Studio C++. Although the simulation model

yields good accuracy (also for a lower number of replications), it can hardly compete with an

exact, closed-form approach that requires less than a second of CPU time when 100 stages are

considered. In addition, most of the computation time is spent on calculating the cokurtosis
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cw =
{

250 if w is even
−250 if w is odd

kw =



0.5 if w ∈ {1, 6, 11, . . .}
1.0 if w ∈ {2, 7, 12, . . .}
1.5 if w ∈ {3, 8, 13, . . .}
2.0 if w ∈ {4, 9, 14, . . .}
2.5 if w ∈ {5, 10, 15, . . .}

fw(t) =



gamma if w ∈ {1, 6, 11, . . .}
exponential if w ∈ {2, 7, 12, . . .}
gamma if w ∈ {3, 8, 13, . . .}
Erlang if w ∈ {4, 9, 14, . . .}
gamma if w ∈ {5, 10, 15, . . .}

τw =
{

2.0 if w is even
1.0 if w is odd

p = 1000
r = 0.1n−1

Table 2.6: Data of the example project with n stages and intermediate cash flows

matrix. Our approach, however, only requires that the first three moments are specified (i.e.,

there is no need to determine the kurtosis). If only three moments are calculated, the required

CPU time drops to 0.046 seconds (for n = 100). Even if, for very large n, the computation

of the coskewness matrix becomes too time consuming, it suffices to calculate only the first

two moments as the N approximation becomes more accurate as n increases (i.e., for large

n, it is no longer necessary to calculate the coskewness matrix).

2.5 Optimal sequence of stages

The problem of finding the optimal sequence (that maximizes the eNPV over all possible

sequences) can be seen as a special case of the stochastic NPV maximization problem (SNPV).

The SNPV tries to maximize the eNPV of a project with n stages that do not necessarily
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Figure 2.4: PDF of the simulated NPV, and the N and L3 approximations for various number
of stages
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n = 10 n = 30 n = 100
Sim N L3 Sim N L3 Sim N L3

µ 783.04 783.04 783.04 782.16 782.16 782.16 781.86 781.86 781.86
σ2 2,584 2,584 2,584 875 875 875 264 264 264
γ -0.361 0.0 -0.361 -0.211 0.0 -0.211 -0.117 0.0 -0.116
θ 3.1159 3.0 3.1162 3.0415 3.0 3.0402 3.0769 3.0 3.0122

K–S NA 0.0297 0.0032 NA 0.0155 0.0001 NA 0.0080 0.0003
CPU (s) 2,250 0.000 11,279 0.015 90,955 0.967

Table 2.7: Accuracy of the N and L3 approximations for the NPV of a project with inter-
mediate cash flows and n stages

have to be scheduled in series. A solution to the SNPV is a policy that schedules stages such

that the eNPV of the project (i.e., the expected sum of the discounted cash flows that are

incurred during the lifetime of the project) is maximized. The SNPV has been considered by,

among others, Sobel et al. (2009), Creemers et al. (2010), and Wiesemann et al. (2010). For

a review of the literature on the SNPV, refer to Wiesemann and Kuhn (2015).

Another related problem is the LCFDP; a variant of the Sequential Testing Problem

(STP) where n precedence-related tests have to be scheduled such that the expected cost

of the diagnosis of a system is minimized. Each test w : w ∈ N = {1, . . . , n} has a known

cost cw and a failure probability qw. In this chapter, we consider the setting where a single

test results in the failure of the system (i.e., we study so-called n-out-of-n or serial systems).

For such a setting, it can be shown that there exists a full order sequence of tests in N that

is globally optimal. The LCFDP is related to the R&D project scheduling problem studied

in De Reyck and Leus (2008), who show that their problem is NP-hard. It follows that the

LCFDP is also NP-hard if tests are precedence-related (Wei et al., 2013). The LCFDP arises

in many practical contexts, such as the inspection of containers arriving at a port (Madigan

et al., 2011) and the identification of toxic chemicals (Gowtham et al., 2012). A literature

review on the STP in general, and on the LCFDP in particular, may be found with Ünlüyurt

(2004), Wei et al. (2013), and Coolen et al. (2014).

We define the serial SNPV as the problem to find the optimal sequence of stages that
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maximizes the eNPV over all possible sequences. For serial projects, the serial SNPV is equiv-

alent to the SNPV. In what follows, we show that: (1) the LCFDP is equivalent to the serial

SNPV, (2) a well-known result from the literature on the LCFDP may be used to obtain the

optimal solution to the serial SNPV if stages are not precedence related, and (3) methods for

solving the SNPV can also be used to solve the LCFDP. In addition, we perform a compu-

tational experiment that shows that the state-of-the-art procedure for solving the SNPV (a

more general problem where stages are allowed to be executed in parallel) outperforms the

state-of-the-art procedure for solving the LCFDP.

2.5.1 Equivalence of the serial SNPV and the LCFDP

Let s = {s1, . . . , sn} denote a sequence of n stages, where sw is the stage at position w in the

sequence. As shown in Section 2.4, the eNPV of a sequence s is given by:

cs1 +
n+1∑
w=2

φ1,(w−1)(r)csw ,

where φ1,w is the discount factor for a sequence of stages {s1, . . . , sw}. The objective of the

serial SNPV is to find a sequence that maximizes:

cs1 +
(

n∑
x=2

csx

x−1∏
w=1

φsw(r)
)

+
(
cn+1

n∏
w=1

φw(r)
)
,

where the latter term is a constant that does not depend on the sequence of stages (i.e.,

the latter term may be ignored when making sequencing decisions), and hence the objective

reduces to:

max
s
cs1 +

(
n∑
x=2

csx

x−1∏
w=1

φsw(r)
)
. (2.7)

The objective of the LCFDP, on the other hand, is to find a sequence of tests that
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minimizes the cost of the sequential diagnosis of a system, and is given by:

max
s
cs1 +

(
n∑
x=2

csx

x−1∏
w=1

psw

)
, (2.8)

where pw = 1− qw is the success probability of test w. Eq. (2.7) and Eq. (2.8) are equivalent

if φw(r) ≡ pw for all w : w ∈ N. We conclude that the LCFDP is equivalent to the serial

SNPV, which in turn is a special case of the SNPV.

2.5.2 Optimal sequence

In the absence of precedence relationships, Boothroyd (1960) has shown that the optimal

solution to the LCFDP is a sequence that arranges tests in (increasing) order of their ratio

of cost over failure probability. Therefore, for the LCFDP, the optimal sequence can be

determined in polynomial time, and if:

cs1
qs1
¬ cs2
qs2
¬ . . . ¬ csn

qsn
,

then s = {s1, s2, . . . , sn} is optimal.

The above result can also be used to determine the optimal sequence that maximizes the

eNPV of a project where stages are not precedence related. More precisely, in the absence of

precedence relationships, sequence s = {s1, s2, . . . , sn} is optimal if:

cs1
1− φs1(r)

¬ cs2
1− φs2(r)

¬ . . . ¬ csn
1− φsn(r)

.

To illustrate this finding, we use an example project with 5 stages that have exponentially-

distributed durations with rate parameter λw : w ∈ N = {1, 2, 3, 4, 5}. The data of the

example project are summarized in Table 2.8. Note that φw is the moment-generating function
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w cw λw φw cw(1− φw)−1 sw
1 -10 1/2 0.833 -60 5
2 10 1/4 0.714 35 2
3 -15 1/6 0.625 -40 3
4 20 1/8 0.556 45 1
5 -36 1/20 0.250 -48 4

p 100
r 0.1

Table 2.8: Data of the example project

of fw about −r, and is given by:

φw(r) =
λw

λw + r
(2.9)

for an exponentially-distributed duration with rate parameter λw. The optimal sequence

executes stages 4, 2, 3, 5, and 1 in series, and yields an eNPV of 15.22.

2.5.3 Solving the LCFDP

We solve the LCFDP using the state-of-the-art procedure of Creemers (2018) that was de-

signed to solve the SNPV. Creemers (2018) assumes that stage durations are exponentially

distributed, and uses a Continuous-Time Markov Chain (CTMC) to model the state space. A

backward Stochastic Dynamic Program (SDP) is used to obtain the globally optimal policy

that maximizes the eNPV of a project (note that a solution to the SNPV is a scheduling policy

rather than a sequence). In contrast to most of the literature on the scheduling of Markovian

PERT networks (i.e., PERT networks where stages have exponentially-distributed durations),

Creemers (2018) does not use Uniformly Directed Cuts (UDCs) to structure the state space,

nor does he represent the state of the system using sets of idle, ongoing, and finished stages

(see e.g., Creemers et al., 2010). Instead, Creemers (2018) uses arrays to store states that

are defined only by the set of finished stages. The cardinality of a state (i.e., the number

of finished stages) determines the array in which the state is stored (there is one array for
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each number of finished stages). Because states with cardinality (i + 1) are only accessible

from states with cardinality i, at most two arrays need to be stored in memory (i.e., after

calculating all value functions of states with cardinality i, states with cardinality (i+ 1) are

no longer needed, and they can be removed from memory). Together with a stricter definition

of the state space (by only using the set of finished stages), this more efficient structuring of

the state space results in a significant reduction of memory and computational requirements

(when compared to other methods that solve the SNPV).

In order to solve an instance of the LCFDP by means of a procedure for solving the SNPV,

tests first need to be “transformed” into stages. As explained in Section 2.5.1, the serial SNPV

and the LCFDP are equivalent if φw(r) ≡ pw for all w : w ∈ N. In the procedure of Creemers

(2018), stages are assumed to have exponentially-distributed durations, and therefore, the

discount factor of a stage w is given by Eq. (2.9). As such, a test w with cost cw and failure

probability qw can be transformed into a stage w with cost cw and rate parameter:

λw =
qwr

1− qw
.

After transforming all tests into stages, the procedure of Creemers (2018) can be used to

solve an instance of the LCFDP. Note that, in order to make sure that stages are executed in

a sequence, we impose a resource constraint (i.e., each stage requires one unit of a renewable

resource that has unit availability).

We compare the performance of the above approach with the state-of-the-art procedure

of Wei et al. (2013). Wei et al. (2013) propose both a Branch-and-Bound (B&B) as well as

an SDP procedure to solve the k-out-of-n STP (i.e., at least k out of n components should

be functional, otherwise the system is down). The SDP procedure significantly outperforms

the B&B, and in what follows, we will compare its performance with that of the procedure of

Creemers (2018). Note that, if we let k = n, the k-out-of-n STP corresponds to the LCFDP

as defined by Boothroyd (1960). Similar to the procedures of Creemers et al. (2010) and

Coolen et al. (2014), The SDP procedure of Wei et al. (2013) uses UDCs to structure the
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state space. Once the states of a UDC are no longer required, the UDC is discarded, and the

memory is freed.

We use the instances of Wei et al. (2013) to compare the performance of both SDP

procedures. Wei et al. (2013) use RanGen (Demeulemeester et al., 2003) to generate three

data sets that each contain 10 instances for each value of n : n ∈ {10, 20, . . . , 120} and

for each value of OS : OS ∈ {0.4, 0.6, 0.8} (where OS is the Order Strength; a measure of

the density of the project network). Each data set has different failure probabilities. Because

failure probabilities do not impact the computational performance of the SDP procedures, we

select the data set that has the lowest failure probabilities (i.e., failure probabilities are drawn

from a uniform distribution with a minimum of 0.8 and a maximum of 1). Both procedures

are tested on an Intel 3.3 GHz desktop computer with 16GB of RAM.

Table 2.9 reports on the number of instances solved by each approach, and shows that the

procedure of Creemers (2018) outperforms the procedure of Wei et al. (2013). This can be

explained by the more efficient memory-management techniques adopted by Creemers (2018).

When comparing average computation times (in seconds) on instances that could be solved

by Wei et al., however, Table 2.10 shows that the procedure of Creemers (2018) is somewhat

slower (26.5% on average). Since the procedure of Creemers (2018) was designed to solve the

SNPV (a more general problem where stages are allowed to be executed in parallel), this does

not come as a surprise. In addition, it is clear that memory requirements rather than CPU

times are the bottleneck for the problem at hand. Even for larger problems, Table 3.1 shows

that the procedure of Creemers (2018) is able to solve instances within a reasonable time

frame. We conclude that the procedure of Creemers (2018) is the current state-of-the-art for

solving the LCFDP/serial SNPV.
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Creemers (2018) Wei et al. (2013)
n OS = 0.8 OS = 0.6 OS = 0.4 OS = 0.8 OS = 0.6 OS = 0.4
10 10 10 10 10 10 10
20 10 10 10 10 10 10
30 10 10 10 10 10 10
40 10 10 10 10 10 10
50 10 10 10 10 10 10
60 10 10 10 10 10 10
70 10 10 10 10 10 9
80 10 10 10 10 10 0
90 10 10 0 10 10 0
100 10 10 0 10 10 0
110 10 10 0 10 7 0
120 10 9 0 10 0 0

Table 2.9: Number of instances solved (out of 10) by the procedures of Creemers (2018) and
Wei et al. (2013)

Creemers (2018) Wei et al. (2013)
n OS = 0.8 OS = 0.6 OS = 0.4 OS = 0.8 OS = 0.6 OS = 0.4
10 0 0 0 0 0 0
20 0 0 0 0 0 0
30 0 0 0.01 0 0 0.01
40 0 0.01 0.17 0 0.01 0.13
50 0 0.04 1.99 0 0.02 1.44
60 0.01 0.19 25.4 0 0.11 19.3
70 0.01 0.94 178 0.01 0.58 156
80 0.03 4.00 – 0.01 2.40 –
90 0.05 15.0 – 0.02 9.48 –
100 0.11 77.1 – 0.05 45 –
110 0.24 223 – 0.10 151 –
120 0.56 – – 0.24 – –

Table 2.10: Comparison of average computation time (in seconds) for the instances that could
be solved by Wei et al. (2013)
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n OS = 0.8 OS = 0.6 OS = 0.4
10 0 0 0
20 0 0 0
30 0 0 0.01
40 0 0.01 0.17
50 0 0.04 1.99
60 0.01 0.19 25.4
70 0.01 0.94 205
80 0.03 4.00 2,013
90 0.05 15.0 –
100 0.11 77.1 –
110 0.24 323 –
120 0.56 1,009 –

Table 2.11: Average computation time (in seconds) for the procedure of Creemers (2018)

w cw dw λw Predecessor
1 -50 1 1.0 ∅
2 -20 2 0.5 ∅
3 -10 2 0.5 {2}

p 200
r 0.1

Table 2.12: Data of the example project with general structure

2.6 NPV of a general project with multiple stages that

are scheduled using a scheduling policy

In this section, we illustrate how to determine the NPV of a general project with multiple

stages that are scheduled using a scheduling policy. To this end, we use an example project

with three stages. The first stage can be executed together with any of the other two stages.

The third stage, however, can only start after the second stage has finished. At the start of

each stage w, a cash flow cw is incurred. Upon completion of the project, a payoff p = 200 is

obtained. The discount rate r = 0.1. Each stage w has an exponentially-distributed duration

with rate parameter λw. The data of the example project are summarized in Table 2.12.

There are several policies that allow to schedule the stages during the execution of the
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project. We discuss two: the Early-Start (ES) policy and the optimal policy. The ES policy

first starts stages 1 and 2, and upon completion of stage 2, stage 3 is started (note that stage

1 can still be ongoing at that time). The optimal policy maximizes the eNPV of the project,

and starts stages 1 and 3 only upon completion of stage 2. In what follows, we first discuss

how to determine the NPV of the ES policy.

In the ES policy, cash flows c1 and c2 are incurred at the start of the project (i.e., no

discounting is required). Cash flow c3 is incurred upon completion of stage 2 (i.e., when stage

3 starts). Hence, the NPV of cash flow c3 can be determined using factor φ2(r) = λ2(λ2+r)−1.

The NPV of payoff p, on the other hand, is only obtained if both stage 1 and the series of

stage 2 and 3 are finished. In other words, the distribution of time until we obtain payoff

p is the distribution of the maximum of an exponential distribution with rate parameter λ1

and an Erlang distribution with two phases that both have rate parameter λ2 = λ3. The

corresponding factor can be determined as follows:

φp(r) =
(

λ2

λ2 + r

)2

− r

(
λ2

λ1+λ2

)2

λ1 + r
.

The eNPV of the ES policy can then be computed using Theorem 4, and amounts to 58.78.

Note that Theorem 4 can always be used to calculate the exact eNPV of any project/policy

as the eNPV does not require to calculate cross moments. For higher moments of the NPV

distribution, however, cross moments may need to be approximated if the sequence of cash

flows is not fixed (i.e., if the sequence of cash flows is probabilistic). In the ES policy, for

instance, the NPV of payoff p can be impacted by stage 1 (if it takes long enough) as well as

by stages 2 and 3. In other words, there are two possible sequences that impact the NPV of

payoff p. Theorem 4 assumes that there is only a single sequence, and as a result, we have to

approximate the cross moments between payoff p and the cash flows of the preceding stages.

In our example, we can follow three different approaches:

• We can assume that stage 1 was finished before stage 2. In this case, the higher moments
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Exact Simulation Stage 1 finished Stage 1 ongoing Weighted approach
µ 58.780 58.780 58.780 58.780 58.780
σ2 971.08 971.10 967.25 969.50 968.00
γ -0.580 -0.581 -0.579 -0.580 -0.580
θ 2.8549 2.8552 2.8361 2.8695 2.8457

Table 2.13: Accuracy of different approaches to determine the NPV of the ES policy

of the NPV of payoff p are determined solely by stages 2 and 3 (i.e., the sequence consists

of stages 2 and 3).

• We can assume that stage 1 was still ongoing after completion of stage 2. In this case,

the higher moments of the NPV of payoff p are determined by stage 2 and the maximum

of stages 1 and 3 (i.e., the sequence consists of stage 2 and the maximum of stages 1

and 3).

• We can adopt a weighted approach where both of the previous approaches are weighed

depending on their probability of occurrence.

The moments corresponding to each of the above approaches are given in Table 2.13. Ta-

ble 2.13 also reports the exact and simulated moments. We observe that the error is relatively

small, however, further research is required to assess the accuracy for larger projects.

Next, we observe the optimal policy. In the optimal policy, there is only one possible

sequence (stage 2 is followed by stages 1 and 3 that are executed in parallel), and as result,

the moments of the project NPV can be determined in an exact manner using Theorem 4.

Whereas cash flow c2 is incurred at the start of the project, cash flows c1 and c3 are in-

curred upon completion of stage 2 (i.e., factor φ2(r) applies). Payoff p is obtained after both

stage 1 and stage 3 are finished (i.e., after the maximum of two exponential durations). The

corresponding factor is given by:

φp(r) =
λ1λ3(λ1 + λ3 + r)

(λ1 + r)(λ3 + r)(λ1 + λ3 + r)
.
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ES policy Optimal policy
Simulation L3 Simulation L3

µ 58.780 58.780 64.154 64.154
σ2 971.10 971.08 698.45 698.43
γ -0.581 -0.580 -0.534 -0.534
θ 2.8552 3.6048 2.9654 3.5116

K–S NA 0.0267 NA 0.0190

Table 2.14: Accuracy of the L3 approximations to model the NPV of the ES policy and the
optimal policy

The moments of the NPV distribution of the optimal policy are µ = 64.154, σ2 = 698.43,

γ = −0.5342, and θ = 2.9649.

We also assess the accuracy of the L3 approximation. Table 2.14 summarizes the results,

and Fig. 2.5 shows the simulated and the approximate PDF of the NPV distribution of the ES

and the optimal policy. We conclude that the L3 approximation is once more very accurate.

2.7 Model extensions

In this section, we discuss two model extensions. A first extension allows stages (and hence

projects) to fail. Stage/project failure is common in the literature on R&D projects (Sommer,

2004; De Reyck and Leus, 2008; Creemers et al., 2015a), and can easily be incorporated in

our approach. We need only to redefine factor φw(r):

φw(r) = pwφ
∗
w(r),

where pw is the probability of success of stage w, and φ∗w(r) is the factor given by Eq. (2.2)

(i.e., the factor that does not take into account stage/project failure).

A second model extension allows for different discount rates to be applied during different
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Figure 2.5: PDF of the simulated NPV and the L3 approximation of the ES policy and the
optimal policy
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stages of the project. This extension requires a redefinition of factor φw,x(r):

φw,x(r) =
x∏

y=w
φy(ry),

where ry is the discount rate that applies for stage y, and r = {w,w + 1, . . . , x} is the vector

of discount rates that apply to stages y : w ¬ y ¬ x.

2.8 Conclusions

In this chapter, we considered projects with multiple stages w : w ∈ N = {1, 2, . . . , n} that

are executed in sequence. Each stage w : w ∈ N has a random duration T equipped with

probability function f(t). A cash flow cw (positive or negative) may be incurred upon the start

of stage w, and a payoff p is obtained at the completion of the project. We use continuous

compounding and a discount rate r to determine the NPV of a project.

Our main contributions can be summarized as follows: (1) we obtain exact, closed-form

expressions for the moments of the NPV of a project, (2) we develop a highly accurate

closed-form approximation of the distribution of the project NPV, (3) we show that the

NPV of a single cash flow converges to a (reflected) lognormal distribution if the cash flow

is not incurred during the early stages of the project, (4) we show that the NPV of a project

converges to a normal distribution if a sufficient number of cash flows are incurred during the

lifetime of the project, (5) we show that the problem of finding the optimal sequence of stages

is equivalent to the LCFDP, (6) we show that the optimal sequence of stages can be obtained

in polynomial time if stages are not precedence related, (7) we perform a computational

experiment to identify the state-of-the-art procedure to determine the optimal sequence of

stages if they are precedence related, and (8) we illustrate how our approach can be used to

determine the moments and the NPV of a general project where stages are scheduled using

a scheduling policy.

Our work can be directly applied in the fields of project selection, project portfolio man-
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agement, and project valuation. In these fields, a project is often seen as a sequence of stages

with intermediate cash flows (including a payoff that is obtained upon the successful comple-

tion of the project). Project selection/investment decisions can be made based on the eNPV

and the risk of a project. The risk of a project/an investment is often modeled using the vari-

ance of the NPV. Other measures of risk include the skewness and/or kurtosis of the NPV,

and the probability to have a negative NPV. Until now, Monte Carlo simulation was the

only tool available to obtain estimates for these measures. Our work, however, offers a valid

alternative to Monte Carlo simulation, and allows to obtain a highly accurate approximation

of the NPV distribution, and an exact characterization of its moments.

In the (more operational) field of project scheduling, our work is related to CPM/PERT

in the sense that we also focus on a single sequence of stages, and also use normal (lognormal)

approximations. As a result, the limitations of our work are similar to those of CPM/PERT.

Therefore, future research should further investigate methods that have been used to general-

ize CPM/PERT, and that may also be applied here (e.g., network transformations/reductions

and bounding procedures). In addition, the scheduling of stages of a general project is also an

important direction for future research. Determining the optimal release dates to maximize

the eNPV of a project is also a topic worthy of study. Other directions for extending our

results are the inclusion of time-dependent cash flows and interdependent stage durations.
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Chapter 3

General projects

In this chapter, we study the stochastic NPV maximization problem (SNPV), and assume

that activity durations are phase-type (PH) distributed. PH distributions are mixtures of

exponential distributions that can be used to approximate any positive-valued distribution.

As such, they not only allow to model activity durations in a general way, they also allow us

to still exploit the properties of the exponential distribution. In accordance with most of the

literature on the SNPV, we assume that cash flows are deterministic, and that there are no

resources. For exponentially-distributed activity durations, Sobel et al. (2009) were the first

to propose a generic formulation of the SNPV as a continuous-time Markov decision process.

Creemers et al. (2010) extend the work of Sobel et al. (2009), and present a procedure that is

the current state-of-the-art for solving the SNPV. Both Sobel et al. (2009) and Creemers et al.

(2010) use the well-known continuous-time Markov chain (CTMC) of Kulkarni and Adlakha

(1986). In this chapter, we take a different approach and use the new CTMC of Creemers

(2019). Although the CTMC of Creemers (2019) is far more memory-efficient than the CTMC

of Kulkarni and Adlakha (1986), it also allows activities to be preempted; an assumption that

is not always desirable. In what follows, however, we prove that it is globally optimal not to

preempt activities when solving the SNPV.
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3.1 Definitions and problem description

A project can be seen as a graph G = (V,E), where V = {1, . . . , n} is a set of nodes

that represent project activities, and E = {(i, j)|i, j ∈ V } is a set of arcs that represent

precedence relationships. The start and the completion of a project are represented by dummy

activities 1 and n, respectively. Each non-dummy activity i : i ∈ V \ {1, n} has a random

duration p̃i with expectation µi and variance σ2
i . In addition, p̃ = {p̃2, p̃3, . . . , p̃n−1} denotes

the vector of random variables p̃i, and p = {p2, p3, . . . , pn−1} is the vector of random variates

(or realizations) of p̃, where pi is a random variate of p̃i.

Because activity durations are uncertain, activity starting times cannot be defined at the

start of the project. Instead, they are determined during project execution using a policy.

Most of the literature on stochastic project scheduling adopts simple list policies that execute

activities in the order of a list (see, e.g., Golenko-Ginzburg & Gonik, 1997; Tsai & Gemmill,

1998; Ballest́ın & Leus, 2009; Ashtiani et al., 2011; Rostami et al., 2018). In this chapter,

on the other hand, we adopt elementary policies; a more general class of policies that allows

decisions to be made at the start of the project and at the end of activities. List policies are

a subset of the class of elementary policies, and, in turn, elementary policies are a subset of

the class of all policies (refer to Rostami et al., 2018 for a hierarchy of the different policy

classes). Even though elementary policies are a subset of the set of all policies, they have been

shown to be globally optimal when solving the SNPV if activity durations are exponentially

distributed (Sobel et al., 2009).

A policy can be seen as a set of decision rules that define actions at decision times. Decision

times are typically the start of the project and the completion times of activities. An action,

on the other hand, corresponds to the abandonment of the project or the start/interruption

of a set of activities. In addition, decisions have to respect the non-anticipativity constraint

(i.e., a decision at time t can only use information that has become available before/at time

t). When executing a policy, activity starting times become known gradually (i.e., a schedule

is constructed as time progresses). As a result, a policy Π may be interpreted as a function
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that maps realizations of activity durations p to vectors of feasible starting times S(p,Π) =

{S1(p,Π), S2(p,Π), . . . , Sn(p,Π)}, where S1(p,Π) = 0 and Sn(p,Π) = max
i∈V \{1,n}

Si(p,Π) + pi.

Refer to Igelmund and Radermacher (1983), Möhring (2000), and Stork (2001) for more

details.

Without loss of generality, we assume that a cash flow ci is incurred at the start of activity

i, where c1 represents the initial outlay, and cn represents the projet payoff. We use continuous

discounting to determine the eNPV of a cash flow ci:

vi = E
(
cie
−rSi(p,Π)

)
,

where r is the discount rate, and E (·) is the expectation operator with respect to p. The

eNPV of the project is:

v =
∑
i∈V

vi.

The optimal policy Π? selects activities such that v is maximized.

3.2 CTMC and SDP recursion

In this section, we assume that activity durations are exponentially distributed (later on,

in Section 3.3, we introduce PH-distributed activity durations). If activity durations are

exponentially distributed, a project can be seen as a Markovian PERT network. Markovian

PERT networks were first studied by Kulkarni and Adlakha (1986), who use a CTMC to

obtain the exact distribution of the earliest completion time of a project. In the CTMC

of Kulkarni and Adlakha (1986), the state of the system is defined by three sets: the set

of idle activities I, the set of ongoing activities O, and the set of finished activities F .

Because activities are either idle, ongoing, or finished, the size of the state space of the

CTMC has upper bound 3n. Even for small n, storing all states in memory is impossible.

Most states, however, do not satisfy precedence constraints. In order to reduce memory
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requirements, a strict partitioning of the state space is required. Creemers et al. (2010)

introduce the use of uniformly directed cuts (UDCs) to structure the state space. Afterwards,

their approach was adopted by, among others, Wei et al. (2013), who solve a sequential

testing problem, and Coolen et al. (2014), who solve a single-machine scheduling problem with

modular projects. Although UDCs allow to generate only the feasible states, the identification

of UDCs themselves is NP-hard (Shier and Whited 1986).

Until recently, all of the work on Markovian PERT networks uses the well-known CTMC

of Kulkarni and Adlakha (1986). In 2019, however, Creemers has introduced a new CTMC

that, in contrast to the CTMC of Kulkarni and Adlakha (1986), only keeps track of the

set of finished activities. As a result, the size of the state space has upper bound 2n. In

addition, Creemers (2019) no longer uses UDCs to structure the state space. Instead, he

uses a set of two ordered arrays that not only reduces the computational effort required to

generate/search the state space, but also reduces the number of states that are stored in

memory at any one time. Creemers (2019) uses this new approach to tackle the preemptive

stochastic resource-constrained project scheduling problem (PSRCPSP), and is able to easily

outperform existing optimal procedures for similar scheduling problems.

In this chapter, we use the CTMC and state-space structure of Creemers (2019). This

requires us to adopt a different approach than the one that is used in works that rely on

the CTMC of Kulkarni and Adlakha (1986). In these latter works, the optimal policy tries

to determine the optimal set of activities to start in each state. In this work, however, we

only keep track of the set of finished activities, and as such have no idea of which activities

are idle/ongoing. In other words, we cannot determine the optimal set of activities to start

(some of them might already be ongoing). Instead, we first determine the set of activities

that are potentially ongoing, and next, the optimal policy selects the optimal set of ongoing

activities. More formally, let F (t) and H(F, t) denote the set of finished and potentially

ongoing activities at time t, respectively. An activity i is potentially ongoing at time t if: (1)

i is not in F (t) and (2) j ∈ F (t) for all j for which (j, i) ∈ E. From H(F, t), policy Π selects
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the set of ongoing activities. The start and completion of the project are defined as F (0) = ∅

and F (t) = V for all t  ω, where ω is the completion time of the project. Without loss of

generality, we omit index t when referring to sets F (t) and H(F, t).

The state of the system is represented by the set of finished activities (F ). Upon entry

of state (F ) : F 6= V , policy Π determines the set of ongoing activities O(Π, F ) ⊆ H(F ).

The optimal policy Π? selects O(Π?, F ) from H(F ) such that G(Π?, F ) is maximized, where

G(Π, F ) is the value function that returns the eNPV of the project upon entry of state (F )

if policy Π is adopted. Given a set of ongoing activities O, the time until the first completion

of an activity i : i ∈ O is exponentially distributed with expected value (
∑
i∈O λi)−1. The

probability that activity i : i ∈ O finished first equals λi(
∑
j∈O λj)−1. Therefore, if policy Π

is adopted, the eNPV of the project upon entry of state (F ) equals:

G(Π, F ) =

∑
j∈O(Π,F )

λj

r +
∑

j∈O(Π,F )
λj

∑
i∈O(Π,F )

λi∑
j∈O(Π,F )

λj

G (Π, F ∪ {i}) +
∑

j∈O(Π,F∪{i})\O(Π,F )

cj

 ,
(3.1)

where
∑
j∈O(Π,F∪{i})\O(Π,F ) cj is the cash flow that is incurred when starting activities for the

first time upon entry of state (F ∪ {i}). The optimal subset of ongoing activities is given by:

O(Π?, F ) = arg min
O⊆H(F )

∑
j∈O

λj

r +
∑
j∈O

λj

∑
i∈O

λi∑
j∈O

λj

G (Π?, F ∪ {i}) +
∑

j∈O(Π?,F∪{i})\O
cj

 . (3.2)

Finding the optimal set of ongoing activities requires us to enumerate all subsets of H(F ).

Note, however, that several heuristics may be devised in order to determine a “good” set of

ongoing activities. In addition, note that, if no set O ⊆ H(F ) can be found that results in a

positive eNPV, O(Π?, F ) = ∅ if project abandonment is allowed.

In order to structure the state space of the CTMC, we adopt the approach of Creemers

(2019), and use a set of two ordered arrays Xi and Xi+1. Array Xi contains all feasible states

in which i activities are finished. From a state (F ) ∈ Xi transitions are only possible towards

states in Xi+1. As a result, it suffices to keep only two arrays in memory. We use a backward

44



SDP-recursion to determine the maximum eNPV of a project. The recursion starts in state

(F ) = V , and completes upon reaching state (F ) = ∅. For each state (F ) ∈ Xi, we use Eq.

(3.1) to determine G(Π?, F ), with G(Π?, V ) = cn. After all states in Xi have been processed,

array Xi+1 is no longer needed, and it is used to store the value functions of all states in

which i−1 activities have finished (i.e., Xi+1 becomes Xi−1). Eventually, we obtain G(Π?, ∅),

the value function of state (F ) = ∅, and have determined the maximum eNPV of the project.

3.3 PH-distributed activity durations

It is not always realistic to assume that activity durations are exponentially distributed.

To overcome this limitation, we use phase-type (PH) distributions. PH distributions are

mixtures of exponential distributions that can be used to approximate any positive-valued

distribution with arbitrary precision (Neuts, 1981; Osogami, 2005). Using PH distributions,

we can approximate the “true” duration distribution of an activity. The more accurate the

approximation, the more complex the PH distribution tends to become. For instance, we may

need a complex PH distribution if we want to match the first four moments of the duration

distribution. For matching the first two moments, however, we only require very simple

PH distributions. We use these simple PH distributions to match the first two moments

of the true duration distribution. Although this implies that the mean and the variance of

the PH distribution match those of the true distribution, it does not necessarily mean that

higher moments (i.e., skewness, kurtosis, . . . ) are also matched. In practice, however, the true

duration distribution is often unknown. In most cases, the mean and variance are the only

information available. Therefore, matching only the first two moments is sufficient/makes

sense from a practical point of view.

Let νi = σ2
i µ
−2
i denote the squared coefficient of variation (SCV) of the duration of

an activity i. If νi = 1, the duration distribution of activity i can be approximated by an

exponential distribution with rate parameter λi = µ−1
i . If νi < 1, on the other hand, we use
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a hypo-exponential distribution (a generalization of the Erlang distribution) to approximate

the duration distribution of an activity i. The hypo-exponential distribution has zi = dν−1
i e

phases, and the first zi − 1 phases have exponential duration with rate parameter:

λi,1 = λi,2 = . . . = λi,zi−1 =
(zi − 1)−

√
(zi − 1)(ziνi − 1)

µi(1− νi)
.

The last phase has exponential duration with rate parameter:

λi,zi =
1 +

√
(zi − 1)(ziνi − 1)

µi(1− ziνi + νi)
.

Because an SCV of 1 is already seen as highly variable (see, e.g., Ballest́ın & Leus, 2009;

Ashtiani et al., 2011; Rostami et al., 2018), we do not consider the case where νi > 1.

Because PH distributions are mixtures of exponential distributions, a project network

with PH-distributed activity durations can be transformed into a Markovian PERT network

(see Creemers, 2015b, for more details). As a result, we can once more use the SDP recursion

introduced in Section 3.2 to obtain the maximum eNPV of the project.

3.4 To preempt or not to preempt?

Although the CTMC of Creemers (2019) is able to drastically reduce memory requirements,

it also has one limitation: it allows activities to be preempted. The SNPV, however, does

not allow preemption. As such, the CTMC of Creemers (2019) is in fact not fit to solve the

SNPV. In this section, we justify the use of the CTMC of Creemers (2019) by proving that

it is globally optimal not to preempt activities when solving the SNPV. Moreover, this proof

holds even if activities have durations that are not PH distributed.

Lemma 4. If at time t there is an eligible activity i, and if a cash flow ci = 0 is incurred

at the start of activity i, then there exists an optimal continuation where activity i is put in

progress at time t.
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Theorem 6. If cash flows are incurred at the start of an activity, it is globally optimal to

not preempt activities.

3.5 Computational results

Even though the procedure of Creemers et al. (2010) is still the current state-of-the-art for

solving the SNPV, their procedure has significantly been improved by Creemers (2015b), who

uses it to solve the SRCPSP. In order to take these improvements into account, we adapt the

procedure of Creemers (2015b) such that it can be used to also solve the SNPV. Note that

both approaches still rely on the CTMC of Kulkarni and Adlakha (1986), and that they use

UDCs to structure the state space.

To test the performance of their procedure, Creemers et al. (2010) use a data set of

1,080 instances. They use RANGEN (Demeulemeester et al., 2003) to generate 30 projects

for each combination of project size (ranging from 12 to 122 activities) and order strength

(OS), where OS is a measure that reflects the density of the project network. Creemers et

al. (2010) consider OS equal to 0.4, 0.6, or 0.8. In what follows, we use the same data set to

compare the performance of our approach with the state-of-the-art procedure of Creemers

et al. (2010) and the adapted (and unpublished) procedure of Creemers (2015b). To allow

for a fair comparison, we perform all tests on the same system: an AMD Phenom II 3.4 Ghz

desktop computer with 32GB of RAM.

Tables 3.1-3.3 compare the CPU times, the size of the state space, and the improvement

factors of the different approaches for different values of n and OS. Note that we do not

report on all combinations of n and OS because we can only compare the performance

for those instances that can be solved by Creemers et al. (2010). From Tables 3.1-3.3, it

is clear that major improvements have been made with respect to CPU times when we

compare the procedures of Creemers et al. (2010) and Creemers (2015b). As also explained

in Creemers (2015b), however, the main bottleneck is the size of the state space (i.e., the
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memory requirement) rather than the CPU time. Because both procedures use the same

CTMC, the number of states remains unchanged. This also clearly illustrates the importance

of the CTMC of Creemers (2019): it allows to drastically reduce the size of the state space

(and hence memory requirements). Not only is the new approach significantly faster, it also

allows us to remove the bottleneck: memory is no longer a constraint. For instance, the

most complex instance that can be solved by Creemers et al. (2010) has a state-space size

of 867,589,281 states, and requires 318,464 seconds to solve (1,687 seconds when using the

adapted procedure of 2015). To solve the same instance, we require only 1,846,012 states,

and a computation time of 149.9 seconds.

Over all instances, our new approach improves computational efficiency by a factor of 600,

and reduces memory requirements by a factor of 321. Table 3.3 also makes clear that the

difference in performance becomes bigger as the instances become more complex. This can

be explained by the fact that the maximum size of the state space is 3n for the procedures

of Creemers et al. (2010) and Creemers (2015b), and only 2n for the new approach.

We conclude that our approach easily outperforms the procedures of Creemers et al.

(2010) and Creemers (2015b), and that it is the new state-of-the-art for solving the SNPV.

Table 3.4 allows to further illustrate the computational performance of our approach.

From Table 3.4, it is apparent that memory requirements are never the problem. With a

maximum state-space size of 502,600,920 states, we are still well below the maximum size

used by Creemers et al. (2010). If we look at CPU times, however, we see that the more

complex instances take a very long time to solve. We conclude that the bottleneck has shifted

from memory to computation time.

3.6 Conclusion

In this chapter, we consider projects with stochastic activity durations that are modeled using

PH distributions. Intermediate cash flows are incurred during the execution of the project,
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Table 3.1: Comparison of computation times (in seconds) of the different approaches

2010 2015 2018
n OS Solved avg max avg max avg max

12 0.8 30 0.002 0.015 0 0 0 0
12 0.6 30 0.002 0.016 0 0 0 0
12 0.4 30 0.004 0.016 0.001 0.016 0 0
22 0.8 30 0.006 0.016 0 0 0 0
22 0.6 30 0.015 0.047 0.001 0.016 0.002 0.015
22 0.4 30 0.463 1.841 0.035 0.109 0.006 0.016
32 0.8 30 0.011 0.016 0.001 0.016 0.003 0.016
32 0.6 30 0.338 0.967 0.030 0.063 0.009 0.016
32 0.4 30 26.93 161.4 1.880 9.800 0.180 0.748
42 0.8 30 0.037 0.063 0.005 0.016 0.004 0.016
42 0.6 30 6.633 29.64 0.660 1.950 0.068 0.172
42 0.4 29 2,338 11,314 92.18 318.9 6.687 22.75
52 0.8 30 0.162 0.390 0.021 0.047 0.010 0.016
52 0.6 30 100.3 497.6 6.001 29.76 0.593 1.888
52 0.4 4 52,268 91,628 1,048 1,335 82.09 117.2
62 0.8 30 0.763 2.996 0.091 0.234 0.019 0.031
62 0.6 30 2,210 13,663 88.74 410.2 6.197 29.06
72 0.8 30 3.219 8.955 0.357 0.749 0.054 0.093
72 0.6 22 17,496 64,805 504.6 1,074 34.18 73.99
82 0.8 30 10.86 41.59 1.137 3.651 0.143 0.359
82 0.6 9 106,033 318,467 1,578 1,772 120.2 149.9
92 0.8 30 50.71 308.9 4.521 17.86 0.407 1.310
102 0.8 30 171.6 900.9 13.79 47.36 1.122 4.118
112 0.8 30 1,194 11,376 57.32 337.5 3.906 19.63
122 0.8 30 12,790 70,180 360.7 1,123 26.22 87.09
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Table 3.2: Comparison of state-space size (in 1,000 states) required by the different approaches

2010 2015 2018
n OS Solved avg max avg max avg max

12 0.8 30 0.071 0.105 0.071 0.105 0.022 0.025
12 0.6 30 0.206 0.333 0.206 0.333 0.041 0.050
12 0.4 30 0.695 2.361 0.695 2.361 0.084 0.148
22 0.8 30 0.484 0.953 0.484 0.953 0.088 0.112
22 0.6 30 4.006 7.673 4.006 7.673 0.330 0.462
22 0.4 30 55.02 153.4 55.02 153.4 1.620 2.760
32 0.8 30 1.995 3.233 1.995 3.233 0.254 0.317
32 0.6 30 49.39 84.84 49.39 84.84 1.898 2.394
32 0.4 30 1,560 5,967 1,560 5,967 17.10 32.60
42 0.8 30 7.860 11.95 7.860 11.95 0.662 0.794
42 0.6 30 534.0 1543 534.0 1,543 9.480 16.58
42 0.4 29 47,073 146,560 47,073 146,560 171.7 316.9
52 0.8 30 26.67 53.48 26.67 53.48 1.544 2.194
52 0.6 30 4,346 13,894 4,346 13,894 40.38 67.98
52 0.4 4 526,020 737,048 526,020 737,048 1,055 1,349
62 0.8 30 92.00 236.9 92.00 236.9 3.564 5.362
62 0.6 30 42,279 165,103 42,279 165,103 175.3 365.8
72 0.8 30 286.8 605.6 286.8 605.6 7.754 11.39
72 0.6 22 216,028 426,644 216,028 426,644 593.1 860.1
82 0.8 30 829.7 2,278 829.7 2,278 16.36 27.89
82 0.6 9 733,449 867,589 733,449 867,589 1,585 1,846
92 0.8 30 2,596 9,322 2,596 9,322 34.06 55.88
102 0.8 30 6,868 22,963 6,868 22,963 66.67 113.2
112 0.8 30 24,236 117,261 24,236 117,261 146.9 308.5
122 0.8 30 146,639 461,146 146,639 461,146 515.8 916.4
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Table 3.3: Average computational improvement factor for different combinations of ap-
proaches

CPU times State-space size

n OS Solved
2010 2010 2015 2010 2010 2015
vs. vs. vs. vs. vs. vs.

2018 2015 2018 2018 2015 2018

12 0.8 30 NA NA NA 3.280 0 3.280
12 0.6 30 NA NA NA 5.048 0 5.048
12 0.4 30 NA 7.750 NA 8.253 0 8.253
22 0.8 30 NA NA NA 5.522 0 5.522
22 0.6 30 10.04 14.13 0.711 12.14 0 12.14
22 0.4 30 75.57 13.36 5.658 33.96 0 33.96
32 0.8 30 4.247 10.55 0.403 7.854 0 7.854
32 0.6 30 36.74 11.20 3.279 26.03 0 26.03
32 0.4 30 149.2 14.32 10.42 91.27 0 91.27
42 0.8 30 9.082 7.858 1.156 11.87 0 11.87
42 0.6 30 97.50 10.05 9.699 56.33 0 56.33
42 0.4 29 349.7 25.36 13.79 274.1 0 274.1
52 0.8 30 15.87 7.831 2.026 17.27 0 17.27
52 0.6 30 169.2 16.72 10.12 107.6 0 107.6
52 0.4 4 636.7 49.87 12.77 498.6 0 498.6
62 0.8 30 39.28 8.429 4.660 25.81 0 25.81
62 0.6 30 356.7 24.91 14.32 241.2 0 241.2
72 0.8 30 59.22 9.021 6.564 36.99 0 36.99
72 0.6 22 511.9 34.67 14.76 364.3 0 364.3
82 0.8 30 76.03 9.548 7.963 50.71 0 50.71
82 0.6 9 881.8 67.20 13.12 462.7 0 462.7
92 0.8 30 124.7 11.21 11.12 76.24 0 76.24
102 0.8 30 152.9 12.44 12.29 103.0 0 103.0
112 0.8 30 305.7 20.84 14.67 165.0 0 165.0
122 0.8 30 487.8 35.46 13.76 284.3 0 284.3
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Table 3.4: Average computation time (in seconds) and state-space size (in 1,000 states)
required by our approach

CPU times State-space size
n OS Solved avg max avg max

10 0.8 30 0 0 0.022 0.025
10 0.6 30 0 0 0.041 0.050
10 0.4 30 0 0 0.084 0.148
20 0.8 30 0 0 0.088 0.112
20 0.6 30 0.002 0.015 0.330 0.462
20 0.4 30 0.006 0.016 1.620 2.760
30 0.8 30 0.003 0.016 0.254 0.317
30 0.6 30 0.009 0.016 1.898 2.394
30 0.4 30 0.180 0.748 17.10 32.60
40 0.8 30 0.004 0.016 0.662 0.794
40 0.6 30 0.068 0.172 9.480 16.58
40 0.4 30 11.85 161.5 193.8 834.8
50 0.8 30 0.010 0.016 1.544 2.194
50 0.6 30 0.593 1.888 40.38 67.98
50 0.4 30 255.1 1,111 1,660 3,901
60 0.8 30 0.019 0.031 3.564 5.362
60 0.6 30 6.197 29.06 175.3 365.8
60 0.4 30 8,454 62,555 13,791 38,029
70 0.8 30 0.054 0.093 7.754 11.39
70 0.6 30 58.57 261.6 727.9 1,749
70 0.4 30 131,386 750,675 102,937 502,601
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and a payoff is obtained upon completion of all project activities. For such projects, we find

globally optimal policies that maximize the eNPV.

We build on the work of Creemers et al. (2010), and use the CTMC of Creemers (2019)

to develop a new procedure to solve the SNPV. Although the CTMC of Creemers (2019) is

far more memory-efficient than the well-known CTMC of Kulkarni and Adlakha (1986), it

has one limitation: it allows activities to be preempted. The SNPV, on the other hand, does

not allow for preemption. In other words, the CTMC of Creemers (2019) is in fact not fit

to solve the SNPV. We prove, however, that it is globally optimal to not preempt activities

when solving the SNPV. Moreover, this proof holds even if activities have durations that are

not PH distributed.

We perform a computational experiment to: (1) assess the computational efficiency of our

approach and (2) compare our approach with the current state-of-the-art procedures. From

the computational experiment, it is clear that our new approach significantly outperforms

the current state-of-the-art procedure of Creemers et al. (2010) and the adapted/unpublished

procedure of Creemers (2015b). On average, we reduce memory requirements by a factor

of 321, and are able to improve computational efficiency by a factor of 600. In addition,

the computational experiment also reveals that the bottleneck has shifted from memory to

computation time. Large/complex instances can be solved to optimality, albeit at a significant

computational cost.

Fortunately, our procedure can easily be transformed into a heuristic that requires much

less computation time. Our approach requires to determine the set of ongoing activities in

each state of the system. The optimal set of ongoing activities is found using full enumeration.

Instead of enumerating all possible sets of ongoing activities, a heuristic can be used to quickly

determine a “good” set of ongoing activities. Another direction for future research is to extend

our procedure to also include activity failures, resources, and/or multiple execution modes.
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Chapter 4

Discussion

In this work, we presented an overview of the current state-of-the-art procedures to solve the

SNPV. Several articles were of vital importance to develop these state-of-the-art procedures.

Below, we list and discuss these articles.

Creemers Stefan, Leus Roel, & Lambrecht Marc, 2010, Scheduling Markovian

PERT networks to maximize the net present value, Operations Research Letters,

vol. 38, no. 1, pp. 51 - 56.

Almost 10 years ago, we published our first article on the SNPV. At that time, the CTMC

of Kulkarni and Adlakha (1986) was used in the state-of-the-art literature on stochastic

scheduling. This CTMC describes the state of the system (i.e., the state of the project) by

means of three sets: the set of idle, ongoing, and finished activities. As a result, the CTMC has

up to 3n states, where n is the number of activities in the project (each activity can either be

idle, ongoing, or finished). Even for small n, it is impossible to store all states of the CTMC in

memory. Memory was the bottleneck, and there was need for a strict partitioning of the state

space (i.e., a partitioning that stores a minimum number of states). In 2010, we were the first

to introduce such a strict partitioning, and we used UDCs to do this (UDCs are essentially

maximal sets of activities that can be executed in parallel). Each state of the CTMC can

be assigned to a single UDC, and by building the UDC network, a strict partitioning of the
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state space can be realized. This strict partitioning of the state space has allowed us to make

a big leap forward. The state-of-the-art procedure of that time (published in 2009 by Sobel,

Szmerekovsky, and Tilson) was able to analyze projects of up to 25 activities. Our procedure

was able to analyze projects of up to 120 activities, and reduced memory requirements by a

factor of 360. As a side effect of the strict partitioning of the state space, we also improved

computational efficiency by a factor of 15. A new state-of-the-art procedure had effectively

been established.

Creemers Stefan, De Reyck Bert, & Leus Roel, 2015, Project planning with alter-

native technologies in uncertain environments, European Journal of Operational

Research, vol. 242, no. 2, pp. 465 - 476.

In 2015, we published an article that used the procedure of Creemers et al. (2010) to in-

vestigate the impact of activity failure and duration variability on the eNPV of a project.

One of the our key findings was that it does not always make sense to invest in reducing

the variability of activity durations (i.e., sometimes, duration variability results in a higher

project eNPV). The article also highlights that eNPV (i.e., the expected value of the NPV)

might not be sufficient as a KPI. Variability, skewness, and kurtosis of the NPV may also

play a role.

Creemers Stefan, 2015, Minimizing the expected makespan of a project with

stochastic activity durations under resource constraints, Journal of Scheduling,

vol. 18, no. 3, pp. 263 - 273.

In 2015, I published my first single-authored article on the stochastic resource-constrained

project scheduling problem (SRCPSP); a problem related to the SNPV (whereas the goal of

the SNPV is to maximize the eNPV of a project, the goal of the SRCPSP is to minimize

the expected completion time of a resource-constrained project). In this work, the procedure

of Creemers et al. (2010) was both extended and improved. The procedure of 2015 allows

resource constraints and PH-distributed activity durations. As a result, the procedure of 2015
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can handle a more general class of problems. More importantly, however, are the improve-

ments made to the procedure itself. By reducing the number of decisions to be evaluated in

each state, we were able to reduce computation times by a factor of 56.49 (when compared

to the procedure of 2010). Again, a new state-of-the-art was established.

Creemers Stefan, 2019, The preemptive stochastic resource-constrained project

scheduling problem, European Journal of Operational Research, vol. 277, no. 1,

pp. 238 - 247.

In 2019, another big leap was made (in fact, due to a lengthy reviewing process, this article

was published in 2019, even though it was submitted before any of the upcoming articles

that all have been published in 2018): I introduced a new CTMC to model Markovian PERT

networks. This was the first new CTMC since the the CTMC that was proposed by Kulkarni

and Adlakha in 1986. In contrast to the CTMC of Kulkarni and Adlakha, the new CTMC

only requires the set of finished activities to define the state of the system. As a result, the

new CTMC has up to 2n states (compared to 3n in the CTMC of Kulkarni and Adlakha).

This drastic reduction in the (maximum) number of states has allowed us to elevate the

existing bottleneck: memory. Computation times (rather than memory) would become the

new bottleneck. In this article, I also introduced a dominance rule and a new way to structure

the state space of the CTMC; the new procedure uses two arrays of states (each array contains

all states associated with a given number of finished activities) rather than UDCs. The new

procedure was used to solve the preemptive SRCPSP (or PSRCPSP). When compared with

the procedure of 2015 (used for solving the SRCPSP) we improve computation times by a

factor of 20.18, and memory requirements by a factor of 205 (i.e., on average the new CTMC

requires 205 times less states than the CTMC of Kulkarni and Adlakha).

Creemers Stefan, 2018, Maximizing the expected net present value of a project

with phase-type distributed activity durations: an efficient globally optimal so-

lution procedure, European Journal of Operational Research, vol. 267, no. 1, pp.

16 - 22.
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In this article, I used the new CTMC of Creemers (2019) to solve the SNPV. The new CTMC,

however, has one drawback: it only keeps track of the set of finished activities. As a result, in

a given state we do not know which activities are ongoing (we can only determine the optimal

set of ongoing activities), and hence, the execution of an activity may be interrupted (when

making a transition from a state where it is optimal to execute the activity to a state where

it is no longer optimal to execute the activity). As such, the new CTMC should only be used

if activities are allowed to be interrupted. The SNPV, however, does not allow activities to

be interrupted. Fortunately, however, I was able to show that it is globally optimal not to

interrupt activities, and, therefore, the new CTMC can be used to study the SNPV. Using

the new CTMC and the new procedure of Creemers (2019) I was able to reduce computation

times and memory requirements by a factor of 600 and 321, respectively. Once more, a new

state-of-the-art procedure had been established.

Creemers Stefan, 2018, Moments and distribution of the net present value of a

serial project, European Journal of Operational Research, vol. 267, no. 3, pp. 835

- 848.

In 2018, I published an article that considers serial projects (i.e., projects where activi-

ties are executed in series) that have activities with general duration distributions (in con-

trast to all aforementioned works, that consider general projects and activities that have

exponential/PH-distributed durations). For such projects: (1) I was able to obtain exact,

closed-form expressions for the moments of the NPV distribution, and (2) I developed a

highly accurate closed-form approximation of the distribution of the project NPV. Until

then, higher moments of the NPV distribution, and/or the NPV distribution of a project

itself, had never been studied before. In general, it was considered to be impossible to effi-

ciently determine the NPV distribution of a project (see e.g., Wiesemann and Kuhn 2015). In

fact, for the completion time of a project, Hagström (1988) has shown that it is #P -complete

to determine even a single point of the Cumulative Distribution Function (CDF). Even for

serial projects, Kamburowski (1986) has shown that the result of Hagström holds, and as a
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result, it is #P -complete to determine the distribution of the NPV of a serial project. In this

article, I also showed that: (1) the NPV of a single cash flow converges to a lognormal distri-

bution, (2) the NPV of a project converges to a normal distribution if a sufficient number of

cash flows are incurred during the lifetime of the project, (3) the serial SNPV is equivalent

to the LCFDP (least cost fault detection problem) for which efficient solution procedures

have already been developed, and (4) the serial SNPV can be solved in polynomial time if

activities are not precedence related.

In my quest to solve the SNPV, I have looked at two different angles: (1) using dynamic

programming and Markovian PERT networks for general projects with activities that have

exponential/PH-distributed durations, and (2) adopting a closed-form approach to assess the

moments and distribution of the NPV of a serial project with activities that have durations

that are general random variables. Both approaches have their limitations, and future research

should focus on trying to bridge the gaps. I see three main avenues for future research:

• For the serial SNPV (where activities are executed in series), we have obtained exact,

closed-form results. Future research should focus on generalizing these results such that

they can also be used to solve the general SNPV (where activities are not necessarily

executed in series).

• For other scheduling problems (e.g., the resource-constrained project scheduling prob-

lem), dominance rules have been used to drastically improve computational efficiency.

We should investigate whether dominance properties also exist for the SNPV, and if

they can be used to improve computational efficiency.

• To further improve computational efficiency, the state-of-the-art solution procedures

can be parallelized (i.e., run on multiple CPUs at the same time). Future research

should focus on how to best parallelize the state-of-the-art algorithms.
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Appendix A

Proofs

Proof of Lemma 1. The proof follows from the definition of the MGF:

MT (u) =
∞∫
0

f(t)eutdt, if T is continuous,

=
∞∑
t=0

f(t)eut, if T is discrete.

Proof of Theorem 1. Let V denote the random variable that represents the NPV of a

cash flow c that is incurred at time T . The MGF of V is:

MV (u) =
∞∑
i=0

uimi

i!
,

where mi is the ith raw moment of the NPV distribution:

mi =
∞∫
0

f(t)(e−rt)idt = φ(ir), if T is continuous,

=
∞∑
t=0

f(t)(e−rt)i = φ(ir), if T is discrete.

Using these raw moments, we can obtain the mean, variance, skewness, kurtosis, and even
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higher-order moments of the NPV of cash flow c.

Proof of Theorem 2. If we solve Eq. (2.1) for t, we obtain:

tv = ln
(
c

v

)
r−1.

where tv is the time at which cash flow c needs to be incurred in order to obtain NPV v for

a given discount rate r. As a result, F (tv) not only represents the probability to have a time

t ¬ tv, but it also represents the probability to have an NPV  v.

Proof of Lemma 2. Factor φ1,n(r) can be obtained as follows:

φ1,n(r) =
∞∫
0

· · ·
∞∫
0

f1(t1)e−rt1 · · · fn(tn)e−rtndt1 · · · dtn,

= φ1(r)
∞∫
0

· · ·
∞∫
0

f2(t2)e−rt2 · · · fn(tn)e−rtndt2 · · · dtn,

· · ·

=
∏
w∈N

φw(r).

In general, let φw,x(r) denote the factor for stages w to x, where x  w:

φw,x(r) =
x∏

y=w
φy(r).

Proof of Lemma 3. The proof follows from the Central Limit Theorem (CLT).

Proof of Theorem 3. The proof is a direct application of Theorem 2 and Lemma 3. If n is

sufficiently large, the duration of the project is normally distributed, and if F (t) is a normal
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distribution function, G(v) can be expressed as follows:

G(v) =
1
2

+
1
2

Erf
(

ln(v)− (ln(p)− rdN)√
2rsN

)
.

When substituting ln(p)− rdN by α and rsN by β, we get:

G(v) =
1
2

+
1
2

Erf
(

ln(v)− α√
2β

)
,

which is the CDF of the lognormal distribution with location parameter α = ln(p)− rdN and

scale parameter β = rsN. Note that, if p is negative, the NPV distribution of p converges to

a reflected lognormal distribution.

Proof of Proposition 1. Consider a (reflected) lognormal distribution with location and

scale parameters α and β, respectively. The mean and SCV of that distribution are given by:

µL2 = eα+0.5β2 , (A.1)

η2
L2 = e(2α+β2)

(
eβ
2 − 1

)
e−2(α+0.5β2). (A.2)

The unique solution for β can easily be obtained by solving Eq. (A.2):

β =
√

ln(1 + η2
L2).

Note that, as long as σ2
L2 > 0, then η2

L2 > 0, and therefore β > 0. Given β, the unique

solution for α can easily be obtained by solving Eq. (A.1):

α = ln(µL2)− 0.5β2.

Note that, if µ is negative, a reflected lognormal distribution can be used to match the NPV

distribution. We conclude that α and β are the unique solution to Eqs. (A.1–A.2), and that

they are well defined for all µL2, σ
2
L2 ∈ R, and for σ2

L2 > 0.
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Proof of Proposition 2. First, we obtain the unique solution for β from Eq. (2.6). We

have:

γL3 = δ(2 + eβ
2
)
√
eβ2 − 1,

γ2
L3 = e3β2 + 3e2β2 − 4.

If we let q = eβ
2

and l = 4 + γ2
L3, we obtain the following cubic equation:

q3 + 3q2 − l = 0.

The discriminant of q3 + 3q2 − l is ∆ = −27(l − 4)l, and is always negative if γL3 6= 0. For

cubic equations, if ∆ < 0, the equation has one unique real root and two non-real complex

conjugate roots. The unique real root of q3 + q2 − l is:

q =
21/3(

−2 + l +
√
−4l + l2

)1/3 +

(
−2 + l +

√
−4l + l2

)1/3
21/3

− 1.

After substituting q = eβ
2

and l = 4 + S2
L3, we obtain the unique, real solution for β:

β =

√√√√√√√√ln

 21/3(
2 + γ2

L3 +
√

4γ2
L3 + γ4

L3

)1/3 +

(
2 + γ2

L3 +
√

4γ2
L3 + γ4

L3

)1/3
21/3

− 1

.

Given β, the unique solution for α can easily be obtained by solving Eq. (2.5):

α = 0.5
(

ln
(

σ2
L3

eβ2 − 1

)
− β2

)
.

Given α and β, the unique solution for κ can easily be obtained by solving Eq. (2.4):

κ = µL3 − δeα+0.5β2 .
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We conclude that α, β, and κ are the unique solution to Eqs. (2.4–2.6), and that they are

well defined for all µL3, σ
2
L3, γL3 ∈ R, σ2

L3 > 0, and for γL3 6= 0.

Proof of Theorem 4. The covariance between the NPV of cash flow cx and the NPV of

an earlier cash flow cw is given by:

Σc(w, x) =

∞∫
0

...

∞∫
0

x−1∏
y=1

fy(ty)

cwe−r
(
w−1∑
y=1

ty

)
− µw


cxe−r

(
x−1∑
y=1

ty

)
− µx

 dt1...dtx−1.

Which can be rewritten as a sum of 4 parts:

Σc(w, x) =

∞∫
0

· · ·
∞∫
0

x−1∏
y=1

fy(ty)

cwe−r
(
w−1∑
y=1

ty

)
cxe
−r
(
x−1∑
y=1

ty

) dt1 · · · dtx−1

−
∞∫
0

· · ·
∞∫
0

x−1∏
y=1

fy(ty)

µxcwe−r
(
w−1∑
y=1

ty

) dt1 · · · dtx−1

−
∞∫
0

· · ·
∞∫
0

x−1∏
y=1

fy(ty)

µwcxe−r
(
x−1∑
y=1

ty

) dt1 · · · dtx−1

+
∞∫
0

· · ·
∞∫
0

x−1∏
y=1

fy(ty) (µwµx) dt1 · · · dtx−1.
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After application of Lemma 2, we get:

Σc(w, x) =

cwcxφ1,w−1(2r)φw,x−1(r)

− µxcwφ1,w−1(r)

− µwcxφ1,w−1(r)φw,x−1(r)

+ µwµx.

From Theorem 1, we have that µw = cwφ1,w−1(r) and µx = cxφ1,x−1(r), and therefore:

Σc(w, x) =

cwcxφ1,w−1(2r)φw,x−1(r)

− cwcxφ1,w−1(r)φ1,w−1(r)φw,x−1(r)

− cwcxφ1,w−1(r)φ1,w−1(r)φw,x−1(r)

+ cwcxφ1,w−1(r)φ1,w−1(r)φw,x−1(r).

Which, finally, can be simplified to:

Σc(w, x) = cwcxφw,x−1(r)
(
φ1,w−1(2r)− φ2

1,w−1(r)
)
. (A.3)

The same approach can be used to determine the coskewness, the cokurtosis, and even the

higher-order cross moments of the NPV of the cash flows that are incurred during the lifetime

of the project.

Proof of Theorem 5. Let (V ) = {V1, V2, . . . , Vn, Vn+1} denote the non-stationary sequence

of dependent random variables Vw : 1 ¬ w ¬ n + 1. For such a sequence, Bradley and Tone

(2015) have shown that a CLT holds if:

• the sequence is strongly mixing,
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• the sequence has a maximum correlation that is strictly smaller than 1 for some Vw

and Vw+1 in (V ),

• the Lindeberg condition holds.

Several mixing conditions have been defined in the literature (for an overview, refer to Bradley

(2005)). In this proof, we will show that sequence (V ) is ρ-mixing (which automatically implies

that (V ) is strongly mixing). A sequence is said to be ρ-mixing if the maximum correlation

between two random variables Vw, Vx ∈ (V ) tends to zero for some w and x that are “far

apart”. We use Eq. (A.3) to obtain the expression for the correlation between two random

variables Vw and Vx:

Corr(w, x) =
φw,x−1(r)

(
φ1,w−1(2r)− φ2

1,w−1(r)
)

√
φ1,w−1(2r)− φ2

1,w−1(r)
√
φ1,x−1(2r)− φ2

1,x−1(r)
,

= φw,x−1(r)

√√√√φ1,w−1(2r)− φ2
1,w−1(r)

φ1,x−1(2r)− φ2
1,x−1(r)

.

It is easy to verify that Corr(w, x) → 0 if φw,x−1(r) → 0, or if φ1,w−1(2r) = φ2
1,w−1(r). If

cw > 0, and if at least one stage z : 1 ¬ z < w has s2
z > 0, then σw > 0, and it follows from

Eq. (2.3) that φ1,w−1(2r) > φ2
1,w−1(r). Therefore, we say that Corr(w, x) → 0 if and only if

φw,x−1(r) → 0. From Lemma 2 we know that φw,x−1(r) =
∏x−1
y=w φy(r). In addition, if r > 0,

and if s2
y > 0, then φy(r) < 1, and φw,x−1(r) → 0 if s2

y > 0 for sufficient y : w ¬ y < x, and

for x − w → ∞. In other words, if r > 0, and if s2
y > 0 for sufficient y ∈ N, then sequence

(V ) is ρ-mixing as n→∞.

In order to show that sequence (V ) satisfies the second condition, we observe the corre-

lation between random variables Vw and Vw+1:

Corr(w,w + 1) = φw(r)

√√√√φ1,w−1(2r)− φ2
1,w−1(r)

φ1,w(2r)− φ2
1,w(r)

,

=
φ1,w−1(2r)φ2

w(r)− φ2
1,w(r)

φ1,w−1(2r)φw(2r)− φ2
1,w(r)

.
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A perfect correlation is achieved if φ1,w−1(2r) → 0, or if φw(2r) = φ2
w(r). If s2

w > 0, then

φw(2r) > φ2
w(r), and as a result, Corr(w,w + 1) → 1 if and only if φ1,w−1(2r) → 0. If

w → ∞, φ1,w−1(2r) → 0, however, because φ1,w−1(2r) > φ2
1,w−1(r), φ2

1,w−1(r) goes to zero

even faster. In addition, φw(2r) > φ2
w(r), and therefore, the maximum correlation between

random variables Vw and Vw+1 is always strictly smaller than 1.

To complete the proof, we still need to show that the Lindeberg condition holds. Instead

of verifying the Lindeberg condition itself, we show that sequence (V ) satisfies the more strict

Lyapunov condition. The Lyapunov condition requires that all random variables Vw ∈ (V )

have finite mean, variance, and at least one finite higher-order moment (Greene 2003). In our

case, the ith moment of Vx is finite if φ1,x−1(ir) is finite; if the MGF about −ir is defined

for all duration distributions fw(t) : 1 ¬ w < x (see also Lemma 1). In general, the MGF

is defined for most duration distributions, and for most values of r. Therefore, we conclude

that, in general, the Lyapunov condition (and hence the Lindeberg condition) holds.

Proof of Lemma 4. The proof is obvious. There is no reason to postpone the start of an

activity if no cash flow is incurred at the start of that activity.

Proof of Theorem 6. Let Ot be the non-empty set of ongoing activities at time t. If we

decide to preempt activity i : i ∈ Ot at time t, the remainder of activity i joins the set of

eligible activities. Because cash flow ci has already been incurred at some time t′ ¬ t, a zero

cash flow is incurred upon the start of the remainder of activity i. From Lemma 4, however,

it follows that it is globally optimal to start any eligible activity that has a zero cash flow

as early as possible. As a result, it is globally optimal to start the remainder of activity i at

time t (i.e., at the same time that activity i was preempted). In other words, it is globally

optimal to not preempt activity i.
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